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Abstract: New estimations on settling-time for fixed-time stabilization of nonlinear sys-
tems are derived. By using the new proposed results on fixed-time stable and design-
ing proper effective event-triggered control (ETC), fixed-time stabilization (FTS) for a
kind of delayed neural networks is investigated. The new estimations on settling-time
for fixed-time stabilization can be used to discussed other systems, such as complex
networks, multi-agent systems and so on. At last, example simulations are given to
corroborate the effectiveness of the derived results.

Keywords: fixed-time stabilization; neural networks; distributed delays; event-triggered con-
trol

1. Introduction

Neural networks(NNs) have important applications in lots of fields such as information se-
curity [1] and forecasting [2], and these applications heavily depend on the dynamic behaviours
of NNs [3-7]. Among them, stabilization has been given more discussions and many good re-
ports have been found in these years. In 2010, Phat and Trinh [5] discussed exponential stabi-
lization of NNs with various activation functions and mixed time-varying delays via feedback
controllers. In 2019, Wang et al. [6] investigated finite-time stabilization(FS) of memristor-
based inertial NNs with distributed delays with feedback controller. In 2020, Zhang and Zeng
[5] studied global stabilization of second-order memristive NNs via feedback controller and
non-reduced order method.

Unfortunately, the previous works [5—7] are all about asymptotic stabilization or FS for
NNs. Convergence time of asymptotic stabilization will tend to infinite that do not satisfy in-
stantaneous motion control. Because the settling-time function(STF) of FS depends on initial
values of NNs, which settling-time is difficult to estimate if the initial values of NNs can not be
got. In 2012, Polyakov [8] showed the fixed-time stability results, and the upper bound of STF
for fixed-time stability is a fixed positive constant. In recent years, fixed-time stabilization(FTS)
and synchronization of NNs has attracted the attention of scholars and many meaningful results
have been achieved. In 2017, Hu et al. [9] studied fixed-time stability of coupled discontinu-
ous NNs. In 2019, Chen et al. [10] obtained synchronization in fixed-time of memristive NNs.
In 2023, Zhang and Cao [11] showed fixed-time synchronization of delayed fuzzy inertial dis-
continuous NNs with non-reduced order approach. Zhang et al. [12] given further results on
fixed-time projective lag synchronization control of delayed hybrid inertial NNs via feedback
controller.

Noteworthy, the above works [5—7,9-12] all use feedback control to investigate stabiliza-
tion or synchronization. Feedback control usual causes high control costs and low efficiency.
Unlike feedback control, event-triggered control(ETC) has both advantages in enhancing ef-
ficiency and saving costs due to its control signals update only if the preassigned triggering
condition is triggered. In these years, many meaningful results on ETC of NNs are reported,
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e.g., see [13—16]. In 2021, by event-triggered impulsive control, Chen et al. [15] gave some
effective results on synchronization of multiple NNs. In 2023, Zhang [16] derived some novel
results on FTS of delayed discontinuous NNs with ETC.

However, the fixed-time lemma used in most of the previous works are given by Polyakov
[8]. The upper bound of the settling-time showed in Polyakov [8] is more bigger and need re-
estimate to get more accurate one. Therefore, the authors of [9, 10] extended the fixed-time
lemma given in Polyakov [8]. And with the development of analysis, more accurate settling-
time of fixed-time stable will be reached. So, in this article, we will further extend the fixed-time
lemmas to get more accurate settling-time, then, the new extended lemmas on fixed-time stable
are applied to discuss FTS of NNs with distributed delays. The new points of this article are:

(1)  New estimations on settling-time of fixed-time stable are given, which are more accurate
than the previous one showed in [8, 10], and some details are also listed to show the
advantages of the proposed results.

2) Some corresponding flexible algebraic criteria on FTS of NNs with distributed delays are
given. Here, the time delays do not need differentiable and their derivatives less than
one.

3) Different from the feedback control used in [5—7,9—12], an effective ETC is constructed
in this article to realize FTS of the delayed NNs. We think that the proposed method
and ETC can be used to discuss more complex systems, such as NNs with inertial items

[11,12] and NNs with state-based switching [14,15].
The following structures are: Part 2 shows the preliminaries. Part 3 gives new results on

FTS of delayed NNs. Part 4, simulations are reached. Finally, conclusions are given.

For convenience, Table 1 is given following to show some mathematical notations.

Table 1. Mathematical notations of this article.

Notation Mathematical description

P Set {1,2,3,..m}

R™ m-dimensional Euclidean space

IIk]| 1 1— norm of vector k € R™

T max; e p{01, 01}

Lj max{|L; |, |£] ]}

C([-T,0],R™) All continuous functions in Banach space
CYR™, R,) All nonnegative differentiable functions

2. Preliminaries

2.1. Model, assumption, definitions and Lemmas
The NNs with distributed delays is

dméit) = —am(t)+ Y Byl (0) + D
j=1 j=1

m

x Tj(x;(t —o;(t))) + Zéu )

t
X / Tj(zj(s))ds, leP,t>0
t—0;(t)

where ;(t) is the I-th neural state, o; > 0, 315, 715, 05 are connect weights, I'; () is the bounded
feedback function, and time delays o;(t) > 0, ;(t) > 0 which satisfy o;(t) < 05, 0;(t) < 0;.
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Initional positions of NNs (1) are z;(s) = F(s), and F;(s) € C([-7,0],R),l € P.
Assumption 1. ForVS,,Ss € R, I';(+) in NNs (1) fulfils I';(0) = 0 and

Li(&1) —T(S2)

T <
ﬁj - S — 8o

<L DOl < My

where 51 # So, LJ«_, ,ij are constants, M; > 0,7 € P.

Definition 1. Suppose T(x(0)) is the STF, and exists a positive constant Ty such that T(2(0)) <
Tiax and limy_1,_ ||z(¢)||1 = 0, then, NNs (1) is fixed-time stable, where Ty is settling-time,

2(t) = (21(t), 22(t), ..., 2 (t)) T, 2(0) € R™.

Lemma 1. /8]: Suppose V(z) : R™ — Ry U {0} is the radially unbounded and positive
definite function, and any solutions of NNs (1) fulfil

dv(z(t))

5 < -0VE®) + gV ()" @

wherep,q, A\, k > 0, A > 0, \k < 1, uk > 1, then, NNs (1) is fixed-time stable and setting-time

IAY

1 1

T: =
mx = R - k) | gF(uk— 1)

3)
Lemma 2. [10]: Suppose V(x) : R™ — R4 U {0} is the radially unbounded and positive
definite function, and any solutions of NNs (1) fulfil

dV(z(1))

T < VA (D) — aV (e (t) — e )

where p,q,c > 0,0 < X\ < 1,u > 1, then, NNs (1) is fixed-time stable and setting-time is
1—X

T = [} +c3)1 7 = 5]

(q¥ + ci)lr )

_|_

g (n— 1)

Lemma 3. [17]: Suppose s1,S82,...,8m = 0,0 <z < 1,20 > 1, then

m

gslzl > (isl)21, 28?2 > m1—22(251)22 6)

=1 =1

2.2. New estimations on settling-time for Lemmas 1 and 2
Lemma 4. Suppose V(z) : R™ — R, U {0} is regular, and the radially unbounded and
positive definite function, and for almost all solutions of NNs (1) fulfil (2), then, NNs (1) is
fixed-time stable and setting-time is

1 (pi + go)' e

Tonax = + ; @
PP(L—=Nk)  ok—ku(pk — 1)gw

Proof. One can get STF is

1

V(z(0))
Tmax (2(0)) = /0 wa (8
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And from Equation (8), we know

+oo 1
Tmax < TN ok
o)< [ G

1
1
=/ — = 4V
/0 (pV* 4 qVr)k
—dV
* /1 (pVA + qVr)k
L | +oo 1
< | ——dv 4V
/0 prEVEA +/1 (p+ qVH)*

By using Lemma 3, one has p + ¢V# > 21*“(p;% + q%V)“, from Equation (9), we get

1
1
Tmax<x(0)) </0 de

+oo 1
o ”
1 2k—hku(pi 4 grV)ke (19)
__ 1 (7 + gv)' e
PP(L=Ak) - ok—ku(pk — l)qi

From Equation (10), one gets the Lemma 3 holds. This proof is end. UJ

Lemma 5. Suppose V(z) : R™ — R, U {0} is regular, and the radially unbounded and
positive definite function, k = 1 and for almost all solutions of NNs (1) fulfil (2), then, NNs (1)

is fixed-time stable and setting-time is

1 1.4
o - L (p* +qr) "

. 11
T p(L=A)  2len(y — 1) (D

Remark 1. Ifk > 1,p > q, one can get T3, < TL ..

Lemma 6. Suppose V(z) : R™ — Ry U {0} is regular, and the radially unbounded and
positive definite function, and for almost all solutions of NNs (1) fulfil (4), then, NNs (1) is

fixed-time stable and setting-time is

1 1 1-2
T  =— X e e
m =T [(p ) ]
1 12
L+ e+ (12
21 (p — 1)g¥+
Proof. One can get STF is
V(z(0)) dv
Tmax (2(0)) = _— 13
max(2(0)) /0 pVA + gV + ¢ (13)

From Equation (13), we have
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+oo
Toan ((0)) < / v

pVA + qVH + ¢

1
1
< ——dV 14
/0 pV> + ¢ (14
+oo 1
+ —dV
/1 qVF +p+c

By using Lemma 3, one has p + ¢+ ¢V* > 2177 [(p + c)% + q%V]“,pV)‘ +c> (p%V +
¢x)*, from Equation (14), we get

1
1
T ((0)) < / 1
0o (PPV4cex)A

“+o00 1
+/ T T dv
1 2k[(p+ o) +grVm

1 1
<[
o (PXV +ex)A
1 1.4
+ [(p+c)r +qr]' "
21 (i — 1)g

(15)

From Equation (15), one has the Lemma 6 holds. This proof is finished.[]

Remark 2. From Equations (5) and (12), one can easily find that settling-time T2 < T2

max max’

that is, Lemma 6 of this paper is more accurate than Lemma 2.

3. Main results

In this part, as an application based on new estimation result given in Lemma 6, we show
some results on FTS of NNs (1). If the parameters of NNs choose properly, the NNs (1) will oc-
cur oscillation and even get chaotic behaviours, under these cases, the following control model
of NNs (1) is considered

dxcit(t) =—ax(t) + Z Bl (25(2)) + Z i
=1 =

Tyt — oy () + 30 (16)
i=1

y /t T, (2;(s))ds + w(t), 1 € P

—0;(t)

where, the controller u;(t) (I € P) in Equation (16) is

w(t) = =& (t;) — <w1|$?(ti)\ + pilay (t:)] + wz)

x sign(z(t;)), t € [tistit1),1=0,1,2,...

(17)

in which &, @, pj,w; >0and 0 < A < 1, u > 1.

Fort € [t;,tit1),letUs(t) = *fzwl(t)*(Wl|$?(t)|+m|ﬁ(t)|+wz)Sigﬂ(u’ﬂz(t)),meaSUfe
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error is e;(t) = U;(t) — w;(t), and event-triggering is defined as follows:

tiss = {tlt > b, |er(8)] 200l (O)] + Ol (8)] + s

(18)
X Jaf' ()] + (1 —e)'}

where 9y, ki, €, € (0,1), 6,6, > 0and the i ' triggering instant is ¢; (i = 0,1,2, ..., € P).

Let m
Y=o +& =0 - ijl LBy,
m (19)
pr=w—a—Y (Mj(mj\ + Qj|5lj|))al S
j=1

Theorem 1. With Assumption 1 and ETC (17)~(18), if ¥ > 0,0, > 0,¢ = > 1 (I € P)
hold, then, NNs (1) is FTS, and settling-time is T4

max-*

endtheorem

Proof. Consider
V() =" fet) (20)

Fort € [t;,ti+1),4 = 0,1,2, ..., we get the derivative of V(¢) with solutions of Equation

(16), then, . do®)
O 5" sign(an(r)) - 2

=37 sign(an ()| — aun(t) + 3 BTy (1)

m

+ Z%jfj(%‘(t —0;(t)) + Z%‘

y /tt D5 (5))ds + (1) a1

—0;(t)
<O [ el + Y2180 (s (1)
+ > Ty (t— o (0N + > 18]
j=1 j=1
Iy o))l + signCan()) 1)

—0;(t)

From Assumption 1, one has

1T (i ()] < Ljlz; (@)], 1T (25t — 0;(8)))] < M, (22)
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Then, one knows

# Zl; {_ alzi(t)] + D L5181z (t)]

j=1

) Ml + Y 0 M;loy]

j=1 =1

+ sign(zy () (t)}

<7 | - ada)]+ > £l e 1)
2

(23)

) Ml + oMoy

Jj=1 Jj=1

+ sign(z; (1)) (U1(t) — e (t))]

From ETC (17)—(18) and (23), then

& <[ (arra-a- 7 csul e
=1

m

— [wl —q = Z (Mj(hlj‘ + Qj|6lj|))}

j=1 (24)
+ lei(t)| = Ol (t)] — D |2y (8)] — kupul)' (1)
—q(l—e)t = (1= 9wz} (t)|
(

- (1= r)pfaf (1)

Under the conditions of Theorem 1 and the triggering condition (18), we have

T <> (— -yl )] - (1~ st (0]) ~ ¢

=1

Now, let p = minyg<m {(1 — %)@}, ¢1 = mim<i<m{(1 — k1)pi}. Then,
dv(t i -
IS 0] 2s)
=1

From the Lemma 2, one gets

—pZ a7 (i_nj fm(0)])” 6)

and
—q1 Y [ (0)] < —qm'” (Z | (¢ ) 27
=1

Let ¢ = gym'~*. From Equations (25)—(27), one knows

av(o

TR —pVA(t) — qV*(t) — ¢ (28)
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Now, from Lemma 6, we get that NNs (1) realize FTS with ETC (17)—(18). And settling-
time is T2 . This proof is end. [J

max-*

Theorem 2. No Zeno-behaviour with ETC (17)—(18).
Proof. Fort € [ti, tl‘_;,_l),l. =0,1,2,..,

dle;(t)] |dUz(t) |
dt dt 29
<(& + M|z} ()] + ol ()] E())

N

For system (16), one has

dey(t -
1O < (aulea®)] + D £5181 s (1)
W (30)
+ 3 Ml + Y 05 Myléy] + lu(®)])
j=1 j=1
Because %it) < 0, therefore, |z;(t)| < V(0), then,
de;(t - -
90 (G + 3 2,18 DV (0) + 3 My
w0 ! (1)
+ 7 0 M) + w(®)]) = Tu(t:)
j=1

Let TN, = maXycp,, +,,,)(§ + Awy |2} (t)| + por = (t)]), and from Equation (29), we
have

dle(t
|eé§ | < ) (32)
Noted that |e;(¢;)| = 0, then
¢
ler(t)] < / T (t:)ds = T () (¢ — i) (33)
t;

By ETC (18), we know

ler(tiv1)| 20| (tigr)] + | @) (tigr)| + Kapy
X |z (tig1)| + a1 — &)ttt (34)
>q(1—g) >0

From Equations (33)—(34), we get

a(l — et

tig1 —t; = T(tz) >0 (35)

This proofis end. [J
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4. Example and comparison

Example 1. NNs (1) with two-dimensional is

da (1) 3 2
ét =—am(t)+ Y BT (1) + > w
i=1 =t

X Tyt —ay(8) + > by (36)

t
X / Lj(zj(s))ds, 1=1,2,t>0
t—0;(t)

in which Fj(l’j) = %(|£L'] + ].| — ‘CEJ' — 1|) and ] = Qg = 17B11 = 2,ﬂ12 = —1,’}/11 =
1,y12 = —1,611 = —0.1,012 = —0.1, B21 = 2,822 = —0.5,721 = 0.5,720 = —0.5,021 =

01,622 = 0.1,05(1) = 05(1) = 58

Initial values of NNs (30) are x1(s) = 0.5, 22(s) = —0.6,VYs € [—1,0). And the states
x1(t), z2(t) of NNs (36) without control input are showed in Figure 1.

—X,® X,

-0.5

(o] 50 100 150 200 250 300
X, (®)

Figure 1. State trajectories x;(t), x2(¢) without ETC (17)—(18).

From Equation (30), we know £; = M, = p; = 1. Now, let &; = 20,& = 15, =
we =2,w; =3 we =2,p1 =p2 =101 =¥ =K =ky=¢ =¢ =01,0, =60, =
1,A =07, = 1.2, then, 1 = 16,99 = 13.5,p01 = 2 = 0.6,p = 1.8,q = 0.6364 and
T, =0.8429 < T2 = 0.8734, T3, = 8.4635 < T.,, = 9.2456.

max max

Now, all conditions of Theorem 1 hold, by using Theorem 1, we get Equation (36) is FTS
with ETC (17)—(18), randomly choose 30 initial values, Figure 2 show that state trajectories
x1(t), x2(t) of Equation (3) are FTS with ETC (17)—(18). Transmission intervals ;1 — t; of
ECT (17)—(18) are showed in Figure 3. Measure errors Uy (t) — uq(t)|, |[U2(t) — ua(t)| and
their thresholds in triggering condition (18) are given in Figure 4. From Figures 2—4, we can
find that the results on FTS of NNs (1) derived in this paper are very effective. And Table 2
shows that the fixed-time stable Lemma 4 and Lemma 6 of this paper are more accurate than
the previous works [8] and [10].
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Table 2. Comparisons of settling-time with Lemma 6 of this article.

Settling-time on FTS Values
T... [8] 9.2456
T3 ., used in Lemma 4 8.4635
Thax [10] 0.8734
T4, in Lemma 6 of this paper 0.8429

4 _
0.5 TMaX—0.8429
2 \
<
-0.5
1 . . . .
0 0.2 0.4 0.6 0.8 1
time(s)
1
4 _
0.5 TMaX—0.8429
SN \
<
-0.5
1 . . . .
0 0.2 0.4 0.6 0.8 1
time(s)

Figure 2. State trajectories x1 (), x2(t) with ETC (17)—(18).

o T‘L‘ L L L L TV‘ T‘T T‘T T‘T TYTY I‘T TV‘ T‘i L L L L ‘L id \L l
o] 2 4 imes) 6 8 10
Oz 1 L L L L’ [r %’ h MT 1 % L L L i
time(s)

Figure 3. Transmission intervals ¢; 11 — t; of ECT (17)—(18).
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S 02

£

3 el — U0 -u ()]

% : ——threshold in (18)

o

£ 01

57 0.05H

5 0

)

S 02

= 10,00 - 001
— 1) -u_(t

2 015h e

< ——threshold in (18)

o

£ 01

0,05

= 0 £ Ll -

2 2 4 6 8 10

time(s)

Figure 4. Measure errors and their thresholds in triggering condition (18).

5. Conclusions

By using the new estimations of settling-time for FTS and designing an effective ETC, new
criteria on FTS for delayed neural networks was investigated. And example simulations showed
the effectiveness of the derived results. As we know, NNs with complex-valued has better
performance when dealing with 3D or 4D data than real network systems, therefore, basing
on the new estimations proposed in this paper, the FTS of NNs with complex-valued will be
investigated in our future works.
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