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Abstract: The present research is on the propagation of Rayleigh waves in a homogenous
thermoelastic solid half-space by considering the compact form of six different theories of
thermoelasticity. The medium is subjected to an insulated boundary surface that is free from
normal stress, tangential stress, and a temperature gradient normal to the surface. After
developing a mathematical model, a dispersion equation is obtained with irrational terms. To
apply the algebraic method, this equation must be converted into a rational polynomial equation.
From this, only those roots are filtered out, which has satisfied both of the above equations for
the propagation of waves decaying with depth. With the help of these roots, different
characteristics are computed numerically, like phase velocity, attenuation coefficient, and path
of particles. Various particular cases are compared graphically by using phase velocity and
attenuation coefficient. The elliptic path of surface particles in Rayleigh wave propagation is
also presented for the different theories using physical constants of copper material for different
depths and thermal conductivity.

Keywords: coupled model; dual phase lag model; G-N model; three phase lag model; G-L
model; L-S model; phase velocity; attenuation coefficient

1. Introduction

The reaction of both natural and artificial materials to wave propagation
parameters, such as travel periods (or phase velocities) and wave polarization (particle
oscillations), is used to assess the materials. Thermal conductivity, thermal expansion,
and specific heat all have an impact on these quantifiable values. The theory of
thermoelasticity examines how an elastic medium’s temperature affects the way strain
and stress are distributed, as well as how induced deformation affects the temperature
distribution in the opposite direction.

Biot [1] developed the theory of thermoelasticity known as coupled theory
with hyperbolic-parabolic field equations. Green and Lindsay [2] and Lord and
Shulman [3] extended the coupled theory and named it generalized thermoelasticity.
Green and Naghdi [4] developed a theory of thermoelasticity without energy
dissipation. These theories [2—4] admit a finite speed of heat propagation, which
creates the difference from coupled theory. Hetnarski and Ignaczak [5] and Ignaczak
and Ostoja-Starzewski [6] have reviewed these representative theories of
generalized thermoelasticity. Tzou [7] defined the two-stage lag model. Choudhuri
[8] identified the initiative in the three-phase lag model. Problems of wave
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propagation in coupled or generalized thermoelasticity have been studied by various
researchers [9—15].

Wave propagation phenomena have numerous applications in the fields of
geophysical exploration, mineral and oil exploration, and seismology. Plane wave
propagation in thermoelasticity has many applications in various engineering fields.
The surface waves are very helpful for studying various aspects of an earthquake.
Rayleigh [16] studied the surface waves that propagate along the free surface of an
elastic solid medium. To observe the structural and mechanical properties of any
material, these Rayleigh waves are used because waves can travel along the surface
and penetrate to a depth of thick solid materials of one wave length and show very
sensitive behavior to surface defects. The Rayleigh-type surface waves in
thermoelasticity are considered to be used in different engineering fields and future
technologies. Many applications of the Rayleigh wave in the theory of thermoelasticity
have been reported to date. Some of them are as follows: Lockett [17] studied the
effect of a change in Rayleigh wave velocity on a change in thermal conditions.
Flavin [18] studied the effect of Rayleigh waves in three mutually perpendicular
directions at a constant temperature. Chadwick and Windle [19] studied the effects of
the propagation of Rayleigh waves along insulated and isothermal boundaries. Tomita
and Shindo [20] examine the effect of magnetic fields on the propagation of Rayleigh
waves in a perfectly conducting elastic half-space. Dawn and Chakraborty [21]
considered the Rayleigh wave study in thermoelastic media with Green and Lindsay
theory. Abd-Alla and Ahmed [22] investigated the influence of initial stress and
gravity fields on the propagation of surface waves in an orthotropic thermoelastic
medium. Ahmed [23] studied the effect of thermal stress on the propagation of
Rayleigh waves in a granular medium. Sharma et al. [24] investigated the effect of
Rayleigh surface waves in piezo thermoelastic half-space under the influence of
rotation and thermal relaxation. Abouelregal [25] studied the Rayleigh waves in a
thermoelastic solid half space using a dual-phase-lag model with surface boundary
conditions. Mahmoud [26] investigated the effect of magnetic field, rotation,
relaxation times, gravity field, and initial stress on Rayleigh wave velocity in the space
of a granular medium. Chirita [27] studied the surface waves in an isotropic
thermoelastic half-space. Bucur et al. [28] analyzed the damping effects of thermal
fields on Rayleigh waves and plane harmonic waves in a linear thermoelastic material
with voids. Passarella et al. [29] considered the G-N theory to study the effect of the
propagation of Rayleigh waves in strongly elliptic thermoelastic materials with micro-
temperatures.

Biswas et al. [30] considered a three-phase-lag model of thermoelasticity to study
the propagation of Rayleigh surface waves in an orthotropic thermoelastic
homogenous half-space. Singh and Verma [31] studied the propagation of the
Rayleigh wave in thermoelastic solid half-space by considering different theories of
thermoelasticity. Kumar and Sangeeta [32] studied the basic equation of
thermoelasticity by considering L-S theory under the effects of initial stress, magnetic
field, two temperatures, and diffusion. Kumar and Gupta [33] investigated Rayleigh
waves in a generalized thermoelastic medium with mass diffusion. Sharma [34,35]
studied the Rayleigh wave at the surface of a general anisotropic poroelastic medium:
derivation of a real secular equation and Rayleigh waves at the boundary of an
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orthotropic elastic solid: influence of initial stress and gravity. Hague and Biswas [36]
studied the wave propagation with the help of the Figen value of an algebraic
differential equation. Find phase velocity and attenuation coefficient and compare the
graph for void and non-void space. Saeed et al. [37] discussed Rayleigh wave
propagation in a semi-conductor thermoelastic medium having temperature-dependent
properties.

The present paper is arranged as follows: First, we provide the necessary
equations used in the paper and discuss the compact form of the heat conduction
equation in Section 2. In Section 3, we formulate the problem in the form of a potential
function. In Section 4, find the velocities of longitudinal and transversal waves with
the help of potential functions. In Section 5, boundary conditions are applied to find
the dispersion equation and its filtered roots. Which are utilized to discover different
properties of the Rayleigh wave: the phase velocity, attenuation coefficient, and path
of the particle. In Section 6, a comparison between six special cases is exhibited by
presenting the phase velocity, attenuation coefficient, and path of the particle traced
in motion graphically.

2. Basic equations

Following Kumar and Gupta [38], a compact form of the equations for
thermoelasticity theories in the absence of external heat sources are:
The temperature-stress-strain relationship is:

0
o, = Z‘U.Eij + Aekkcsij — SUB (1 + 174 a) T (1)

Relation between strain and displacement:

ey =5 () +150) @
The equations of motion:
9]
A+ Wugri + Bipr — B (1 +7 a) T; = pi; €)
Modified Fourier’s law:
K'<n*+tli+t3a—2>T-=—q- “4)
at atz ) '
Energy equation:
pToS = —qy; ©)

Entropy-strain-temperature relation:

a 62 3 4
pCE<n1a+T°ﬁ+t2@+t4ﬁ>T

d 02 93 o* ) ©)
+ Toﬁ (Tll% + noToﬁ + tzﬁ + t4m> ekk = pTOS
The heat conduction equation:
YR B P LI
K (Tl + tla + t3?) ’I:ii - pCE (Tll at + TO atz + tz 6t3 + t4 6t4)T + (7)

d 92 93 a*
ToB (Tlla + NoT0 5,2 +t, FTs] +t, m) €kk»
In the Equations (1)—~(7) 4 and p are lame’s constants, p is the density, Cy is the
specific heat at the constant strain, q;, u; are heat flux and displacement components,
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and increase in temperature. g; j are stress tensor components, S is entropy per unit

mass, K is thermal conductivity, T = @ — T, is small increment in temperature,
where T, reference temperature and 8 absolute temperature with condition satisfied as
|T/Ty| < 1, ey is the dilatation, 8 = (31 + 2u)a;, a;coefficient of thermal linear
expansion, 7o, Ty, Tr, Tq, Ty are thermal relaxation times with condition 7, = 75 =
0, phase lags of temperature gradient, heat flux and thermal displacement gradient
respectively, where n*, ngy, ny,ty,ts, ty, ts, Tg, Ty, are parameters.

Rayleigh wave propagation in a thermoelastic medium. The different theories are
studied by using the values of parameters in Equations (3) and (7) as follows:

1) Coupled theory (C-T) condition of thermoelasticity is obtained when.

n=n =1, ng=t;=t,=t3=t,=19=17,=0 (8)

2) The Lord-Shulman (L-S) theory of thermoelasticity is obtained when.
n=ng=n =1t =t,=tz=t, =17, =0 9)

3) The Green- Lindsay (G-L) theory of thermoelasticity is obtained when.
n=n =1, ng=t;=t,=t;3=t,=0 (10)

4) The Green-Nagdhi (Type-III) (G-N) theory of thermoelasticity is obtained
when.
n*>0,n0:T0:t1:1,n1:t2:t3:t4:T1:0 (11)
Put in Equation (7) results into equation:
, 0 . .
K'(n 4 =) T = pCeT + BToiy (12)
Here n* = constant having a dimension é ,T =9 andn*K' = K™ is a constant

characteristic of the theory. Equation (12) become.
K*Ty+ K9y = pCpT + BToéy (13)
Subcase: When K' =0 ijp Equation (13) Green-Nagdhi (Type-II) theory is
obtained.
5) The two-phase-lag theory of thermoelasticity is obtained when.
2
T
?q, Tog = Tq (14)
6) The three-phase-lag theory of thermoelasticity is obtained when.

n*=1,n0= n1=1,T1=t3=t4=0,t1=TT, t2=

2
T
Ng=Tg = 1,n1=T1 = 0, tz = Tq!tl =1+ n*TV, t3 =1r, t4 = ?q (15)

3. Formulation of problem

To solve the problem related to two-dimensional space, consider the
displacement vector u = (uq,0,u3) in medium. We define the following
dimensionless quantities:

' T ' ’ (U*X‘ w*u- 62 62
T =_ﬁ2, {xl'ul}:{ 1 l'#}izl'B’ VZ=_2+_2,
pCy Cq c1 0x? ' 0x?
t, = (l)?[t, {T(;’ Ti’ T(']’T;J'T’,T} = {TOJ Tq, Tq. Ty, TT}OJII (16)
! 9ij CpCY A+2 C2
0 = l]lwizp#' c? = H, CZZ=E, 52 Ct
Ao K P p C?

The displacement components in form of potential function ¢, ¢, ¢3can be
written as:
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0py 92 9¢s

091 040
ox; 0x; O0x3’

u3_0x3 dx; 0xyq

u1=

(17

In Equations (3) and (7) with the help of (16), after suppressing the primes, apply
the Equation (17) we obtain:

. o7 0
1 0%¢;
S (1)

0 92
m*+t1a+t3ﬁ viT

d 62 3 4
:<m1a+T0ﬁ+t2ﬁ+t4m>T (20)
B2T, ) 92 FE 9*
+—p2CEC12 n1a+n0T0CW+t2C2ﬁ+t4C3ﬁ |72§0

4. Solution of problem

We assume, for propagation of harmonic wave in consider plane as:
{$, b3, T} (xt1, X3, t) = {$, b3, The it 1)
Substitute the Equation (21) in Equations (18) and (20) and then simplified, we
get:
(ZV*+ Z,V P+ Z3)@ =0 (22)
where:
71 =Sy, Zy = Sow? —S3— 8184, Z3 = —w?S3 S, =1 —iwty, S,
= (n* —ityw — tzw?)
S; = (—injw — tow? + it,w3 + t,w?),
Sy = (B?Ty/p?CxCH)(—injw — Tongw? + it,w? + tyw?),

General solution ¢ can be written as:

b=¢1+¢, (23)
The potential ¢;, ¢, are solutions of equation given by:
w2
[\72+—2]q‘)i=0, i=1, 2 (24)
Vi
V1, V,, are the velocities of longitudinal waves (Pand SV wave), roots of equation:
Z3V* = Z,0?Vi + Ziw* = 0 (25)

By using the Equation (21) in Equation (19) we get velocity of transverse wave
V3 = § given by:

w2
V2+—|@s =0, (26)
V3
By using the Equations (7), (21), (23) and (24) we obtain:
2

@.13=) Wme, @7

i=1

where:
S1S4w
m; 14 i=1,2
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The displacement potential ¢; for the propagation of harmonic wave with

exponential decay in a plane is given as:
X1+qiX3
)

o = Age™! i=1, 2 3 (28)

2 2
where: c¢ is the apparent phase velocity and q; = /% -1, i=1,2 q3= % -1
5. Boundary conditions

For the surface which is free from stress and insulated in nature.
Vanish normal and tangential stress component.

033 =0 (29)

031 =0 (30)
Vanish of temperature gradient normal to insulated surface.

aT

6_x3 =0 (31)

By using the Equation (28) in Equations (29)—(31) with the help of Equations (1),

(2), (17) and (27) we get system of three homogenous equations as:
3

> cudi =0 (32)
k=1
where:
w?  m 5 w?
T—ﬁ’?, €12 = —w-Il, +27—
=2q1, Cpp=2qy C3=q5—1, €31 =mqy, C3

=myqy, C33=0

2
m; _ w3
B—, c13=2——,C21
p

€11 = —w?2I; + 2
11 w1l 7

A non-trivial solution of a homogeneous system of equations is obtained when
the determinant of coefficients of Equation (32) vanishes. We get:

2 -m[@2—-mn) —n2 -k (q1/92)] = —4(1 —1)q1q53 (33)
where:
c? m A+2u mia,(1—iwt
h=-—, n=—, II, = 2#+ 12t ( 1) =12
82 m, pV; w?

In Equation (32) some terms are irrational due to this; it is not possible to solve
it by using the algebraic method. To solve this equation, remove radicals by three
squaring and manipulation, which reduce the given equation to an algebraic equation

of degree 9, written as follows:
9

Z =0 (34)

k=0
where:
Co = 2a0a1 - 4‘(2b0b1 - Sgbg)p;
(S a% + 2a0a2 - 4‘(b12 + 2b0b2 + prg - ngb()bl)l
¢, = 2(a9as + a,0;) — 4 (2bobs + 2b1b, + 26,boby — (b3 + 2boby)),
C3 = a% + 2a1a3 + 2a0a4 - 4[b22 + 2b1b3 + 2b0b4 + gp(blz + 2b0b2) -
2&5(byby + bobs)],
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¢y = 2(apas + aqay + ayaz) — 4[2b1b4 + 2byb3 + 2&,bobs + 2€,b1b; —
&5(b% + 2bybs + 2byb,)),

¢s = a3 + 2a,as + 2a,a, — 4[b3 + 2b,by + €,(b5 + 2by bs + 2bob,) —

2¢5(byb3 + byby)],

e = 2(azay + ayas) — 4[2bsby + 2€,(bybs + byby) — €5(2byby + b3)],

c; = a3 + 2azas — 4[bZ + €,(2byby + b3) — 2&5bybs],
cg = 2a4a5 — 4(2e,bybs — £5b%), co = a? — 4e,bZ,
ag =321, a; = 16[g; + gz — & — e + (1 —=n)*(1 + &)],

a; = 4(g% + g5) + 8(I; + n*I,) — 16[g1&; + ngr&; + (1 —n)?(gp + &),
az = 4(I1, g, + I 9;n — gie; — gie1) — 8(Il1&, + nil 1) + 16(1 — n)?e,,
ay = 1§ + nll — 4(e, 9111y + ne; g,11), a5 = —(II7 &, + n*Ml3e;)
by = 16m, by = 8(g; +1g1), by = 4n(ly +1I;) + 49192,
bs = 2(I11g; + nllzg1), by =nllll, g, = -1+ 1), g, =-n(1+1I,),

& =& T &, & = €&, gi:(7i> ,1=1, 2.

An algebraic Equation (34) gives seven complex roots, of which some are added
during the removal of radicals. These roots are identified and separated by not
satisfying the original dispersion Equation (33). The remaining roots that satisfied
Equation (33) are considered for decay of the wave field with an increase of x5 in the
medium. These roots are satisfied, and both the Equations (33) and (34) represent the
propagation and existence of Rayleigh waves in an insulated plane boundary of a
thermoelastic medium. The coefficient ¢; depends upon w therefore, the phase
velocity V calculated from a root of Equation (32) is also a function of w. This implies
the dispersive behavior of the Rayleigh wave on an insulated surface in a thermoelastic
medium.

By following Sharma [39], the phase velocity and attenuation coefficient can be
calculated as:

Phase Velocity:
Lol _ sl s
Re(©) ~ Re(Vh) (35)
Attenuation Coefficient:
o, _Im@/c?)  Im(h) (36)

" Re(1/c?) ~  Re(h)
Path of surface Particles:
©; = Alyiel(kxl—wt)+lkx3qi’i =1,2,3 (37)
where: y; = 4;/A1, i =1,2,3 are solution of Equation (30) and k = w/c is the
complex number.

-1
where:y1 =1, ¥, = —141/q2, 3 =241 (h)
By using Equation (37) in Equations (17) and (23), we get:
(ug,uz) = (|U0|elar‘g Vo, |Wyletard Wo)el(kxl_wt) (38)

(UO ) (i[ylelkRX351 + yzelkRX352 + V3Q3elka363]

- i(kx;—wt)
[v1q:e*R*3%1 + y, g etkr*302 — Vselka363]> kAett (39)
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where: 6; = (1—-iL)q; i=1, 2, 3.
R

R is used for real part and / is used for imaginary part of complex quantity, K is
wave number.
By using Equations (37) and (27), we get:
T = |T0 |elarg To pilkx1—wt) (40)
To = Ay(myy,e"¥301 4 m,y,etr¥adz) (41)
On the boundary surface x3 = 0 the Equation (38) by considering real part we
get:
U = |Uple ™*1 cos(arg Uy + @), W = |Wyle ¥i*1sin(arg Wy + @)  (42)
® = Kpx — wt parameter varies in (0,27) to show the path traced. By using
Equations (28) in parametric form traces elliptical path.

Special cases

Case 1: To obtain the secular equation for Coupled theory of thermoelasticity.
Putn*=n; =1, ny=t, =t, =t; =t, =195 =71 = 0, in Equation (25).

For I1, =0, n =0 Equation (33) reduces to equation (2 —h)? = —4q,q;
which represents Rayleigh wave propagation in elastic medium. Similar to Ewing et
al. [40].

Case 2: When the condition n* =ny=n;=1,t; =t, =t3=t, =171 =0,
with one relaxation of time, applied in Equation (25), yields the secular equation for
L-S theory of thermoelasticity.

Case 3: When the condition n* =n; =1, nyp =t; =t, = t3 = t, =0, with
two relaxations of times, applied in Equation (25), yields the secular equation for the
G-L theory of thermoelasticity.

Case 4: When the condition n* > 0,ny =7y =t; =1,n; =t, =t3=1t, =
7, =0, applied in Equation (25), we obtained G-N (Type-IlI) theory of
thermoelasticity.

Case 5: To obtain secular equation for Two-phase lag theory of thermoelasticity
2

apply n=Lny=n =117 =t3=1t,=0,t; =T, t2=T2—q,T0=Tq, in
Equation (25).

Case 6: To obtain secular equation for three-phase lag theory of thermoelasticity
apply ne=to=1n =17, =0,t; =74t =1+ n'7,t3 =77, ty = % in
Equation (25).

6. Numerical results and discussion

6.1. Findings of phase velocity, attenuation coefficient

The software MATLAB is used to compare phase velocity and attenuation
coefficient for the different theories of thermoelasticity by using frequencies in the
range of 0.1 Hz to 59.1 Hz.

Now we find numerical results by using physical constants of copper material,
followed by [39], which are given below:
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A=177.6 GPa, T,=318Ka, =1.78x 107°K™1, u = 38.6 GPa,Cg
=383 ] Kg /K, p=8920 kg/m3, K =400Wm™!
The relaxation time is given below:
70 =0.15s71 =0257,=065 77=04s 17,=05s5, n*
= 0.38710 sec™ 1.
The output of the program is shown in Tables 1 and 2 for comparing different

theories of thermoelasticity with frequency.

Table 1. Value of phase velocity (V) w.r.t frequency w in context of different theories of thermoelasticity.

Frequency @ C-T (V) L-S (V) G-L (V) G-N (V) DPL (V) TPL (V)
0.1 0.4923 0.492 0.4908 0.45 0.4917 0.45
1.1 0.437 0.4405 0.4495 0.4544 0.4511 0.4505
2.1 0.4526 0.4596 0.5079 0.4551 0.4985 0.5291
3.1 0.4662 0.4775 0.5152 03173 0.3939 0.3975
4.1 0.4765 0.4928 0.4863 0.2416 0.2883 0.3177
5.1 0.4843 0.4742 0.4305 0.1948 0.2211 0.2628
6.1 0.5676 0.4149 0.3712 0.1631 0.1761 0.2233
7.1 0.5267 0.3691 0.3217 0.1403 0.1444 0.1938
8.1 0.4935 0.3324 0.2825 0.1231 0.1212 0.1709
9.1 0.4658 0.3025 0.2514 0.1096 0.1036 0.1528
10.1 0.4423 0.2774 0.2262 0.0988 0.0899 0.1381
11.1 0.422 0.2561 0.2055 0.0899 0.0789 0.126
12.1 0.4043 0.2378 0.1882 0.0825 0.07 0.1158
13.1 0.3887 0.2219 0.1736 0.0762 0.0627 0.1071
14.1 0.3747 0.208 0.1611 0.0708 0.0566 0.0996
15.1 0.3621 0.1957 0.1502 0.0661 0.0514 0.0931
16.1 0.3507 0.1847 0.1407 0.062 0.0469 0.0874
17.1 0.3403 0.1749 0.1323 0.0584 0.0431 0.0823
18.1 0.3308 0.166 0.1249 0.0552 0.0398 0.0778
19.1 0.3221 0.158 0.1182 0.0523 0.0368 0.0738
20.1 0.314 0.1507 0.1123 0.0497 0.0343 0.0701
21.1 0.3065 0.144 0.1068 0.0474 0.032 0.0668
22.1 0.2995 0.1379 0.1019 0.0452 0.0299 0.0638
23.1 0.2929 0.1323 0.0975 0.0433 0.0281 0.0611
24.1 0.2868 0.1271 0.0933 0.0415 0.0264 0.0585
25.1 0.281 0.1223 0.0896 0.0398 0.0249 0.0562
26.1 0.2756 0.1178 0.0861 0.0383 0.0235 0.0541
27.1 0.2705 0.1137 0.0829 0.0369 0.0223 0.0521
28.1 0.2656 0.1098 0.0799 0.0356 0.0212 0.0502
29.1 0.261 0.1062 0.0771 0.0343 0.0201 0.0485
30.1 0.2567 0.1028 0.0745 0.0332 0.0192 0.0469
31.1 0.2525 0.0996 0.0721 0.0321 0.0183 0.0454

32.1 0.2485 0.0966 0.0698 0.0311 0.0174 0.044
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Table 1. (Continued).

Frequency w C-T (V) L-S (V) G-L (V) G-N (V) DPL (V) TPL (V)
33.1 0.2448 0.0938 0.0677 0.0302 0.0167 0.0427
34.1 0.2412 0.0911 0.0657 0.0293 0.016 0.0414
35.1 0.2377 0.0886 0.0638 0.0285 0.0153 0.0402
36.1 0.2344 0.0862 0.062 0.0277 0.0147 0.0391
37.1 0.2312 0.084 0.0603 0.0269 0.0141 0.0381
38.1 0.2282 0.0818 0.0587 0.0262 0.0136 0.0371
39.1 0.2252 0.0798 0.0572 0.0256 0.0131 0.0361
40.1 0.2224 0.0778 0.0557 0.0249 0.0126 0.0352
41.1 0.2197 0.076 0.0544 0.0243 0.0122 0.0344
42.1 0.2171 0.0742 0.0531 0.0237 0.0117 0.0336
43.1 0.2145 0.0725 0.0518 0.0232 0.0113 0.0328
44.1 0.2121 0.0709 0.0506 0.0227 0.011 0.032
45.1 0.2097 0.0694 0.0495 0.0222 0.0106 0.0313
46.1 0.2074 0.0679 0.0484 0.0217 0.0103 0.0307
47.1 0.2052 0.0665 0.0474 0.0212 0.01 0.03
48.1 0.2031 0.0651 0.0464 0.0208 0.0097 0.0294
49.1 0.201 0.0638 0.0454 0.0204 0.0094 0.0288
50.1 0.199 0.0626 0.0445 0.02 0.0091 0.0282
51.1 0.197 0.0614 0.0437 0.0196 0.0088 0.0277
52.1 0.1951 0.0602 0.0428 0.0192 0.0086 0.0271
53.1 0.1933 0.0591 0.042 0.0188 0.0084 0.0266
54.1 0.1915 0.058 0.0412 0.0185 0.0081 0.0261
55.1 0.1898 0.057 0.0405 0.0181 0.0079 0.0257
56.1 0.1881 0.056 0.0397 0.0178 0.0077 0.0252
57.1 0.1864 0.055 0.039 0.0175 0.0075 0.0248
58.1 0.1848 0.0541 0.0384 0.0172 0.0073 0.0243
59.1 0.1832 0.0532 0.0377 0.0169 0.0071 0.0239

Table 1 is used to present the findings graphically for comparison of different
theories of thermoelasticity. Figure 1 shows the variation of the phase velocity with
respect to frequency for different theories of thermoelasticity. In Figures 1 and 2, the
solid blue line, red dash line, green dash line with asterisk, red dash line with circle,
dark green only asterisk, and sky blue with plus sign correspond respectively to the
coupled theory (C-T), Lord-Shulman theory (L-S), Green-Lincoln theory (G-L),
Green-Naghdi (Type-III) theory (G-N), two-phase lag theory (DPL), and three-phase
lag theory (TPL) of thermoelasticity.

Figure 1 depicts that the phase velocities decrease in all theories smoothly and
finally give constant values with an increase in frequency. w = 0.1 all theories give
phase velocity near 0.49 except G-N and three-phase-lag theories, which have little
less value in comparison to others. The maximum value of V is attained by coupled
theory, and the minimum value is given by two-phase lag theory. Phase velocities
given by different Theories follow a pattern: at every fixed value of frequency,
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descending values of phase velocity are obtained by theories in the following order:
coupled theory, L-S theory, G-L theory, three-phase lag theory, G-N theory, and at the
last, two-phase lag theory. In the case of coupled theory, phase velocity takes a curved
shape in the range 5.1 < w < 8.1. Two-phase-lag theory and G-N theory overlap each
other in the range 3.1 < w < 6.1as phase velocities are very close to each other.
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05 it

Phase wvelocity
= o
L") I

£
i

01r
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Figure 1. Variation of phase velocities V (m/s) with frequency w (Hz) for different
theories of thermoelasticity.

Table 2 is used to present the findings graphically for comparison of different
theories of thermoelasticity. From Figure 2, it is depicted that in the case of coupled
theory, the value of the attenuation coefficient jumped directly to 6.7789 from —0.1697
and was constant in the range 8.1 < w < 59.1 up to one decimal place.
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Figure 2. Variation of attenuation coefficient Q1 with frequency w (Hz) for
theories.
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Table 2. Value of Attenuation coefficient Q=1 w.r.t frequency w in context of different theories of thermoelasticity.

Frequency @ Q1 (C-T) Q1 (@L-S) Q' (G-L) Q1 (G-N) Q1 (DPL) Q1 (TPL)
0.1 —0.1047 -0.1039 —0.1044 —0.0238 -0.103 0.45
1.1 -0.1101 -0.1071 0.1503 0.0204 -0.0643 0.4505
2.1 -0.1176 -0.1233 0.0975 -0.0719 -0.0053 0.5291
3.1 -0.1386 -0.1563 —0.0444 —0.0479 —0.3867 0.3975
4.1 -0.1562 -0.1916 —0.1856 -0.0379 —0.7994 0.3177
5.1 -0.1697 1.4524 -0.3295 -0.0318 -1.1739 0.2628
6.1 6.7789 1.271 —0.4536 -0.0275 -1.5272 0.2233
7.1 6.9052 1.1323 -0.551 -0.0243 -1.8671 0.1938
8.1 7.0003 1.0217 -0.6278 -0.0217 -2.1979 0.1709
9.1 7.0742 0.931 —0.6897 -0.0197 —2.5224 0.1528
10.1 7.1333 0.855 —0.7407 -0.018 -2.8423 0.1381
11.1 7.1815 0.7904 —0.7834 -0.0166 -3.1588 0.126
12.1 7.2215 0.7348 -0.8199 -0.0154 —3.4726 0.1158
13.1 7.2552 0.6864 -0.8513 -0.0143 —3.7844 0.1071
14.1 7.284 0.6439 -0.8787 —0.0134 —4.0946 0.0996
15.1 7.3087 0.6063 -0.9028 -0.0126 —4.4034 0.0931
16.1 7.3302 0.5728 -0.9241 -0.0119 —4.7112 0.0874
17.1 7.3491 0.5428 —0.9432 -0.0113 -5.018 0.0823
18.1 7.3657 0.5157 —0.9604 -0.0107 -5.3242 0.0778
19.1 7.3804 0.4911 -0.9758 -0.0102 -5.6297 0.0738
20.1 7.3935 0.4688 —0.9899 -0.0098 —5.9346 0.0701
21.1 7.4053 0.4484 -1.0027 —0.0094 -6.2391 0.0668
22.1 7.4159 0.4296 -1.0145 -0.009 —6.5432 0.0638
23.1 7.4255 0.4124 -1.0253 —0.0086 —6.8469 0.0611
24.1 7.4342 0.3965 -1.0352 -0.0083 -7.1503 0.0585
25.1 7.4422 0.3817 —1.0444 -0.008 —7.4535 0.0562
26.1 7.4494 0.368 -1.053 -0.0077 —7.7564 0.0541
27.1 7.4561 0.3552 -1.0609 —0.0074 -8.0591 0.0521
28.1 7.4622 0.3433 -1.0683 -0.0072 -8.3616 0.0502
29.1 7.4679 0.3321 -1.0753 -0.007 —8.664 0.0485
30.1 7.4731 0.3216 -1.0818 —0.0067 —8.9662 0.0469
31.1 7.478 0.3118 -1.0879 —0.0065 —9.2682 0.0454
32.1 7.4825 0.3026 -1.0936 —0.0064 -9.5701 0.044
33.1 7.4867 0.2938 -1.099 -0.0062 -9.8719 0.0427
34.1 7.4906 0.2856 -1.1041 -0.006 -10.1736 0.0414
35.1 7.4943 0.2778 -1.1089 -0.0058 -10.4752 0.0402
36.1 7.4977 0.2704 -1.1135 -0.0057 -10.7767 0.0391
37.1 7.5009 0.2634 -1.1178 —0.0056 -11.0782 0.0381
38.1 7.5039 0.2567 -1.122 —0.0054 -11.3795 0.0371
39.1 7.5068 0.2504 -1.1259 -0.0053 —11.6808 0.0361

40.1 7.5095 0.2444 —1.1296 —0.0052 —11.982 0.0352
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Table 2. (Continued).

Frequency @ Q1 (C-T) Q1 (@L-9) Q' (G-L) Q1 (G-N) Q1 (DPL) Q1 (TPL)
41.1 7.512 0.2386 -1.1332 -0.005 -12.2832 0.0344
42.1 7.5144 0.2331 -1.1366 -0.0049 —12.5843 0.0336
43.1 7.5167 0.2279 -1.1398 —0.0048 —12.8854 0.0328
44.1 7.5188 0.2229 -1.1429 -0.0047 —13.1864 0.032
45.1 7.5208 0.2181 —1.1459 —0.0046 —13.4873 0.0313
46.1 7.5228 0.2135 —1.1487 —0.0045 —13.7883 0.0307
47.1 7.5246 0.209 -1.1514 —0.0044 —14.0892 0.03
48.1 7.5263 0.2048 -1.154 —0.0044 -14.39 0.0294
49.1 7.528 0.2007 -1.1566 -0.0043 —14.6908 0.0288
50.1 7.5296 0.1968 -1.159 -0.0042 -14.9916 0.0282
51.1 7.5311 0.1931 -1.1613 -0.0041 -15.2923 0.0277
52.1 7.5325 0.1895 -1.1635 -0.004 -15.5931 0.0271
53.1 7.5339 0.186 -1.1657 -0.004 -15.8938 0.0266
54.1 7.5352 0.1826 -1.1678 -0.0039 -16.1944 0.0261
55.1 7.5365 0.1794 -1.1698 -0.0038 -16.4951 0.0257
56.1 7.5377 0.1762 -1.1717 -0.0038 -16.7957 0.0252
57.1 7.5389 0.1732 -1.1736 -0.0037 -17.0963 0.0248
58.1 7.54 0.1703 -1.1754 -0.0036 -17.3969 0.0243
59.1 7.541 0.1674 -1.1771 -0.0036 -17.6974 0.0239

In the case of two-phase lag theory, a straight line is obtained with a decreasing
slope as the value of the attenuation coefficient decreases smoothly with an increase
in frequency along the negative axis. For the G-L theory, negative values of the
attenuation coefficient were obtained with small differences in values and the same
for up to one decimal place for increased frequency due to this straight line appearing.
The values obtained by L-S and three-phase-lag theories are positive and near to zero
within the range of frequency. In the case of the G-N theory, the negative value of the
attenuation coefficient obtained very close to zero for increasing values of frequency.
Due to the above L-S, G-N, and three-phase-lag theories, they overlap each other.

6.2. Findings of path of particle

All the special cases discussed in the form of different theories of thermoelasticity
are presented graphically by using the output of MATLAB software in Figures 3-8.
The polarization of particle motion in two-dimensional space is represented by (U, W).

Physical data of copper material used with frequency w = 2r and parameter
@ varies in (0,2n) . Different depths vary as follows: Kzx3 =0, 15, 45. The
coefficient of thermal linear expansion varies as follows: a; = (1.78 X e ™2, 1.78 X
e™3, 1.78 x e™*) K1. For one fixed value of depth, we present three figures for three
different Coefficient of thermal linear expansion in such a way 9 figures obtained for
three different depths in each of Figures 3—8. Computed for coupled theory, L-S
theory, G-L theory, G-N theory, two-phase-lag model, and three-phase-lag model of
thermoelasticity.
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The effects of a; on tilted particle motion at different depths are illustrated in
Figures 3-8. It is noted that in the coupled, G-L, and two-phase-lag theories, the
amplitude of the Rayleigh wave increases with an increase in values of a,.. The G-N
theory shows a constant, and the remaining theories show a decrease in amplitude with
an increase in thermal conductivity.
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The elliptic path does not change with changes in depth or theories of
thermoelasticity. In the case of G-N theory, the amplitude of the Rayleigh wave
increases with an increase in the value of depth. The difference in plots of columns is
observed as the motion of particle polarization and amplitude are very sensitive to any
change in thermal conductivity. Fluctuations are observed in amplitude with depth, as
is observed in other theories. Maximum tilt in the case of three-phase-lag theory

increases with an increase in depth.
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References

7. Conclusion

In this manuscript, the compact form of the heat conduction equation is used to
study the coupled L-S, G-L, G-N, two-phase-lag, and three-phase-lag models of
thermoelasticity in the propagation of the Rayleigh wave in an isotropic homogenous
medium. For insulated surfaces, the dispersion equation is obtained with irrational
terms. To obtain a polynomial equation, the dispersion equation is rationalized. Roots
are filters that satisfy both equations by checking their decay properties with depth.
The comparison of different theories is significant for studying the characteristic
properties of the Rayleigh wave.

The phase velocity, attenuation coefficient, and path of particle motion are
calculated numerically and presented graphically to compare different theories of
thermoelasticity.

The thermally insulated surface reduces the speed of the Ryleigh wave; on the
other hand, millions of folds’ increases may be noticed in cases of attenuation of the
wave.

It is observed that the phase velocity attains its maximum value in the case of
coupled theory and its minimum value in the case of two-phase-lag theory. All theories
show a smooth, decreasing curve with increasing frequency.

For coupled theory, an instant increase and then constant values of the attenuation
coefficient are observed, whereas in the case of two-phase-lag theory, a decreasing
slope line is observed with increasing frequency. In the other four theories, values are
very close to zero due to this overlapping.

The effect of different theories is significant for the particle motion of the
Rayleigh wave and shows an elliptic path for different depths and the coefficient of
thermal linear expansion. The Rayleigh wave is one of the surface waves, which is
very helpful for studying various aspects of an earthquake.
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