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Abstract: An investigation is conducted into how radiation affects the non-Newtonian 

second-grade fluid in double-diffusive convection over a stretching sheet. When fluid is 

flowing through a porous material, the Lorentz force and viscous dissipation are also taken 

into account. The flow equations are coupled partial differential equations that can be solved 

by MATLAB’s built-in bvp4c algorithm after being transformed into ODEs using appropriate 

similarity transformations. Utilizing graphs and tables, the impact of a flow parameter on a 

fluid is displayed. On velocity, temperature, and concentration profiles, the effects of the 

magnetic field, Eckert number, and Schmidt number have been visually represented. 

Calculate their inaccuracy by comparing the Nusselt number and Sherwood number values to 

those from earlier investigations. 

Keywords: magnetic field; double diffusion; porous medium; second-grade fluid; stretching 

sheet 

1. Introduction 

The models of Misra et al. [1] and Jacobson and Hamrock [2] are among those 
that have been developed to examine the behavior of non-Newtonian fluids. Due to 
its use in engineering and industrial purposes, fluid flow problems over a 
stretching/shrinking surface are attracting the interest of many researchers. Crane [3] 
later developed this work for flow past a stretching sheet after Sakiadis [4,5] had first 
studied the problem of a stretching sheet. Many famous scholars have been solving 
the majority of stretching sheet problems analytically for decades. In the papers of 
Hamad [6], Wang [7], Khan et al. [8], Hayat et al. [9], flow problems are solved 
analytically by taking into account the magnetic field in natural convection of 
nanofluid, surface slip and suction due to stretching sheet, three-dimensional flow 
over a non-linearly stretching sheet, and magnetohydrodynamics (MHD) in Oldroyd-
B nanofluid, respectively. Stretching sheet problems can also be solved numerically 
using a variety of methods; current research has compared these numerical 
approaches to their analytical counterparts. When comparing the prominent 
Chebyshev pseudospectral and finite difference methods, Tzirtzilakis and Tanoudis 
[10] take into account the movement of biomagnetic fluid flow over a stretching 
sheet. In their contribution, Datti et al. [11] compare the analytical solution with the 
fourth-order Runge-Kutta method while accounting for MHD and heat radiation 
across a non-isothermal stretched sheet. 

In recognition of its applications in oceanography [12], geology, and 
astrophysics, double-diffusive convection has recently attracted the attention of 
many academics. Turner [13,14] first used the term “double diffusion” to describe 
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the phenomenon of diffusion caused by two distinct density gradients in a fluid. 
Many non-Newtonian fluids, including Williamson and Casson fluids, are subject to 
double-diffusive convection; in this case, we are applying this convection 
phenomenon to a non-Newtonian second-grade fluid that has nonlinear properties. 
Second-grade fluid flowing through a porous channel in the presence of a uniform 
magnetic field that is applied in the transverse direction of flow is solved using the 
homotopy analysis method by Hayat et al. [15]. Vajravelu and Rollins [16] utilized a 
uniform magnetic field over a stretching sheet to solve the momentum problem 
analytically and quantitatively. Bafakeeh et al. [17] explored the unsteady condition 
of second-grade fluid by taking into account thermal radiation and chemical 
reactions along with analyzing the physical quantities. The papers of Massoudi and 
Vaidya [18], Gowda et al. [19], Awan et al. [20], and Khan et al. [21] list several 
works on second-grade fluid. 

One of the three main mechanisms of heat transfer is thermal radiation; the 
other two mechanisms are convection and radiation. Due to the thermal motion of 
particles in fluid, electromagnetic radiation is generated, which is recurrently known 
as thermal radiation. The essence of different Newtonian/non-Newtonian fluids can 
be studied by applying the effect of thermal radiation. The effect of thermal radiation 
along with a magnetic field due to the double-diffusive peristaltic flow of a nanofluid 
in a porous medium was extensively studied by Kotnurkar and Giddaiah [22], Asha 
and Sunitha [23], and Asha and Sunitha [24]. In the study of Akbar et al. [25], 
entropy is taken into account by considering radiation and inclined MHD effects for 
two different fluids, such as Newtonian and Williamson fluids, as interpreted by 
Dadheech et al. 

The primary development of our study is to apply thermal radiation to the 
double-diffusive convection of second-grade fluid flowing through a porous 
medium. The study of second-grade fluid flowing over a stretching sheet was 
recently published in papers by Dey and Borah [26], Ghadikolaei et al. [27], and 
Endalew and Sarkar [28]. The governing equations of flow are partial differential 
equations that can be transformed into ordinary differential equations using suitable 
similarity transformations and solved numerically using the MATLAB bvp4c 
technique. Results have been shown through graphs and compared with the values in 
tables with previous studies of second-grade fluid, and error will be calculated for 
the Nusselt number. 

2. Formulation of the problem 

The laminar flow of fluid is imprisoned in the region 𝑥 > 0 and 𝑦 > 0 when the 
incompressible flow of a nonlinear second-grade fluid via a stretched surface is taken 
into account. Because of the double-diffusion, the lower end is either heated or 
cooled, and two separate density gradients result from the additional substance. 

Temperature and concentration are symbolized by 𝑇 and 𝐶, respectively, while wall 

temperature and concentration are represented by 𝑇  and 𝐶 . When heated, the fluid 

has a temperature of 𝑇 > 𝑇  (ambient state), and when cooled, it has a temperature 

of 𝑇 < 𝑇 . The sheet behaves as an elastic surface with a velocity of 𝑢 (𝑥) = 𝑐𝑥, 

and a uniform magnetic field 𝐵  applied perpendicular to the direction of fluid flow. 
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Constant 𝑐 > 0 signifies surface stretch. 

If 𝑇  is the Cauchy stress tensor, then the equations constituting for non-
Newtonian second-grade fluid model is given by [28]: 

𝑇 = −𝑝𝐼 + 𝑆  (1)

where 𝐼 is the identity tensor, 𝑝 is the pressure and 𝑆  is the extra stress tensor, such 

that 

𝑆 = 𝜇 𝐴 , (2)

𝑆 = 𝛼 𝐴 + 𝛼 𝐴 , (3)

where 𝛼 ( 𝑗 = 1,2 ) and 𝜇  are material constants and coefficient of viscosity 

respectively. 𝐴 (𝑗 = 1,2) are Rivlin-Ericksen tensors defined by 

𝐴 = (𝑔𝑟𝑎𝑑𝑞) + (𝑔𝑟𝑎𝑑𝑞) , (4)

𝐴 =
𝑑

𝑑𝑡
𝐴 + 𝐴 𝑔𝑟𝑎𝑑𝑞 + (𝑔𝑟𝑎𝑑𝑞) 𝐴 , (5)

where the superscript 𝑡 is the transpose of a matrix, 𝑞 is the velocity field in two-
dimensional flow which can be expressed as 

𝑞 = (𝑢(𝑥, 𝑦, 𝑡), 𝑣(𝑥, 𝑦, 𝑡),0) (6)
By examining the boundary layer, the steady state of a two-dimensional 

governing equations of fluid flow are [27]: 
𝜕𝑢

𝜕𝑥
+

𝜕𝑣

𝜕𝑦
= 0, (7) 

𝑢
𝜕𝑢
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+ 𝑣
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𝜕 𝑢

𝜕𝑦
+

𝛼

𝜌

𝜕
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 +

𝜕𝑢
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𝜕 𝑣

𝜕𝑦

+ [𝑔𝛽 (𝑇 − 𝑇 ) + 𝑔𝛽 (𝐶 − 𝐶 )] −
𝜎𝐵

𝜌
𝑢 −

𝜈

𝐾′
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(8) 

𝑢
𝜕𝑇

𝜕𝑥
+ 𝑣

𝜕𝑇

𝜕𝑦
= 𝛼

𝜕 𝑇

𝜕𝑦
+

𝐾

𝜌𝐶

𝜕𝑢

𝜕𝑦
−

1

𝜌𝐶

𝜕𝑞

𝜕𝑦
+

𝜈

𝐾′
𝑢 , (9) 

𝑢
𝜕𝐶

𝜕𝑥
+ 𝑣

𝜕𝐶

𝜕𝑦
= 𝐷

𝜕 𝐶

𝜕𝑦
, (10)

with the associated boundary conditions: 

𝑣 = 0, 𝑢 = 𝑢 = 𝑐𝑥, 𝑇 = 𝑇 (= 𝑇 + 𝐴 𝑥 ), 𝐶 = 𝐶 (= 𝐶 + 𝐵 𝑥), at 𝑦 = 0, 

𝑢 → 0,
𝜕𝑢

𝜕𝑦
→ 0, 𝑇 → 𝑇 , 𝐶 → 𝐶 , as 𝑦 → ∞. (11) 

where 𝑢 and 𝑣, respectively, account to the velocity components along the 𝑥 and 𝑦 

directions. 𝛽 , 𝛽 , 𝐶 , 𝐾, 𝜈, 𝜌, 𝑔, 𝜎, 𝐾′, 𝛼 and 𝐷 represents the coefficient of thermal 

expansion, solutal expansion, the specific heat of a fluid at a steady pressure, thermal 
conductivity, kinematic viscosity, density of the fluid, acceleration due to gravity, 
electrical conductivity, permeability of porous medium, thermal diffusivity, and 
mass diffusivity respectively. 

The following similarity transformations are utilized for transforming Equations 
(7)–(10) into an array of ordinary differential equations. 

𝜓(𝑥, 𝑦) = √𝑐𝜈𝑥𝐹(𝜂), 𝜂 =
𝑐

𝜈
𝑦, Θ(𝜂) =

𝑇 − 𝑇

𝑇 − 𝑇
, 𝜁(𝜂) =

𝐶 − 𝐶

𝐶 − 𝐶
 (12) 

The momentum, energy, and concentration equations are transformed into the 
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subsequent system of ODEs using the transformations described above: 

𝐹′′′ − (𝐹′) + 𝐹𝐹′′ + 𝑘 2𝐹′𝐹′′′ − (𝐹′′) − 𝐹𝐹 − 𝑀𝐹′ − 𝜖𝐹′ + 𝜆[Θ + 𝑁𝜁]

= 0, 
(13) 

Θ 1 +
4

3
𝑅 + 𝑃𝑟(𝐹Θ − 2𝐹 Θ) + 𝑃𝑟𝐸𝑐(𝐹 ) + 𝜖𝐹′ = 0, (14) 

𝜁′′ + 𝑆𝑐𝐹𝜁′ − 𝑆𝑐𝐹′𝜁 = 0, (15) 

with the boundary conditions: 

𝐹(0) = 0, 𝐹′(0) = 1, 𝛩(0) = 1, 𝜁(0) = 1, 

𝐹′(𝜂) → 0, 𝐹′′(𝜂) → 0, 𝛩(𝜂) → 0, 𝜁(𝜂) → 0 𝑎𝑠 𝜂 → ∞ (16) 

where, prime represents differentiation with respect to similarity variable 𝜂. 

𝑘 = , 𝑀 = , 𝜖 = , 𝜆 =
( )

, 𝑁 =
( )

( )
, 𝑃𝑟 = , 𝐸𝑐 = , 

𝑆𝑐 =  and 𝑅 =
∗

∗  are the Visco-elastic parameter, Magnetic parameter, 

porosity parameter, mixed convection parameter, buoyancy ratio parameter, Prandtl 
number, Eckert number, Schmidt number, and radiation parameter respectively. 

The skin friction coefficient 𝐶 , local Nusselt number 𝑁𝑢 , and local Sherwood 

number 𝑆ℎ  are the physical quantities that are significant in our current topic since 
they have been used across engineering and industrial processes. These are described 
as 

𝐶 =
𝜏

𝜌𝑈
, 𝑁𝑢 =

𝑥𝑝

𝐾(𝑇 − 𝑇 )
, 𝑆ℎ =

𝑝 𝑥

𝐷(𝐶 − 𝐶 )
. (17) 

where 𝜏 , 𝑝  and 𝑝  are the shear stress or skin friction along the surface of the 
sheet defined, heat flux and mass flux respectively are given by: 

𝜏 = 𝜇
𝜕𝑢

𝜕𝑦
, 𝑝 = −𝑘

𝜕𝑇

𝜕𝑦
, 𝑝 = −𝐷

𝜕𝐶

𝜕𝑦
. (18) 

Inputting Equation (20) into Equation (19), we obtain: 

𝐹′′(0) = (𝑅𝑒 ) 𝐶 , −𝛩′(0) = (𝑅𝑒 ) 𝑁𝑢 , −𝜁′(0) = (𝑅𝑒 ) 𝑆ℎ . (19) 

where, 𝑅𝑒 =  is the local Reynolds number. 

3. Numerical approach 

The two primary finite difference codes for solving systems of ordinary 
differential equations in MATLAB are bvp4c and bvp5c. The bvp4c numerical 
approach is one of the most widely used approaches in MATLAB for solving 
coupled differential equations. The numerical approach of the bvp4c code, which we 
are applying in the present scenario, might be broken down into multiple steps. 
Using similarity transformations and dimensionless variables, Equations (7)–(10) 
and their boundary conditions are transformed into ODEs in the preliminary phases. 
In the subsequent stage, Equations (13)–(15) are transformed into a new system of 
first-order ordinary differential equations. 

Beginning with initial key guesses, a system of equations with boundary 
conditions is solved. The result of this problem can be displayed on a graph. Tables 
will display the values for the Nusselt number and the Sherwood number, and 
comparative data will be interpreted. 
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4. Results and discussion 

4.1. Magnetic effect on physical quantities 

Due to the Lorentz force’s influence on the flowing fluid in Figure 1a, velocity 
decreases at increasing amounts of magnetic field M = 0.0, 0.3, and 0.6. As shown in 
Figures 1b and 1c, the opposite effect, i.e., a rise in temperature and fluid 
concentration, can be observed when the magnetic field is increased. 

 
(a) (b) 

 
(c) 

Figure 1. Effect of magnetic parameter on (a) velocity (b) temperature and (c) concentration. 

4.2. Thermal radiation and viscoelastic effect on physical quantities 

Because thermal radiation is brought on by the thermal motion of fluid 
particles, the temperature of the fluid rises with increasing thermal radiation 
parameters R = 0.0, 1.0, and 2.0, as illustrated in Figure 2. The interaction involving 
velocity and temperature is examined in Figures 3a and 3b. The increasing values of 
k = 0.1, 0.3, and 0.5, which represent higher deformation rates, demonstrate that 
velocity climbs and reaches zero at about η = 2.5. Temperature decreases by growing 



Thermal Science and Engineering 2024, 7(1), 6036.  

6 

k in the range 0 ≤ k ≤ 0.7 but increases in the range 0.8 ≤ k ≤ 1.8 because it has both 
elastic and viscous properties. 

 
Figure 2. Effect of radiation parameter on temperature. 

  
(a) (b) 

Figure 3. Effect of viscoelastic parameter on (a) velocity and (b) temperature. 

4.3. Porous and buoyancy ratio parameter on physical quantities 

The porosity parameter ϵ is inversely proportional to the permeability of the 
porous medium K'. This leads to a reduction in the velocity profile and an inclination 
in the concentration profile, as depicted in Figures 4a and 4b. The parameter 
buoyancy reflects the upward force present in the flowing fluid. By increasing the 
buoyancy ratio parameter N to values of 0.0, 1.0, and 2.0, fluid velocity increases, as 
shown in Figure 5a. However, the temperature profile exhibits a reverse tendency, 
as seen in Figure 5b. 
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(a) (b) 

Figure 4. Effect of porous parameter on (a) velocity and (b) concentration. 

 
(a) (b) 

Figure 5. Effect of buoyancy ratio parameter on (a) velocity and (b) temperature. 

4.4. Schmidt number impact on physical quantities 

The dimensionless Schmidt number Sc, stands for the ratio of momentum to 
mass diffusivity, and the same pattern can be seen for both velocity and 
concentration profiles as shown in Figures 6a and 6b, i.e., decreasing when Sc = 0.5, 
1.0, and 1.5 for velocity and Sc = 0.45, 0.55, and 0.65 for concentration. 
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(a) (b) 

Figure 6. Effect of Schmidt number on (a) velocity and (b) concentration. 

4.5. Impact of physical parameters on Nusselt and Sherwood numbers 

The Nusselt and Sherwood numbers, which depict heat and mass transport in a 
flowing fluid, respectively, are the other two physical measurements of relevance in 
this study. These studies will be shown in Tables 1 and 2, and their error is made 
noticeable when comparing them to the results of earlier investigations. Table 1 

shows the Nusselt number −𝛩′(0) for various values of η and k when the Prandtl 
number is supposed to be one. For k = 0.01 and various η values, the Nusselt number 
increases, and a similar pattern has been observed for k = 0.05. The obtained results 
demonstrate good agreement with the analytical findings of Ghadikolaei et al. [27]. 

The obtained results of the Sherwood number −𝜁′(0) using the shooting technique 
for various values of Pr and Sc in Table 2 by setting k = 0.01, M = 2, Ec = 1 while 
leaving the other parameter values. 

Table 1. Comparison of numerical results of Nusselt number (−𝛩′(0)) for different 

values of visco-elastic parameter (𝑘) and similarity variable 𝜂 when 𝑅 = 0, 𝑁 = 0, 

𝑃𝑟 = 1, 𝑆𝑐 = 0, 𝜆 = 0, 𝜖 = 0, 𝐸𝑐 = 0 and 𝑀 = 0. 

Value of 
‘𝒌’ 

𝜼 
Dey and Borah (first 
solution) [26] 

Ghadikolaie et al. 
[27] 

Present results 

0.01 

0 1.3278 1.334722 1.3337 

0.1 1.1627 1.150370 1.1477 

0.2 0.9963 0.993877 0.99001 

0.05 

0 1.3393 1.340277 1.3388 

0.1 1.1738 1.155672 1.1526 

0.2 0.9953 0.998583 0.9946 
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Table 2. Numerical results of Sherwood number (−𝜁′(0)) for different values of 

Prandtl number (𝑃𝑟) and Schmidt number (𝑆𝑐) when 𝑅 = 0, 𝑁 = 0, 𝑘 = 0.01, 𝜆 =

0, 𝜖 = 0, 𝐸𝑐 = 1 and 𝑀 = 2. 

Pr Sc −𝜻′(𝟎) 

0.015 0.22 0.3497 

7 0.22 0.3510 

13.4 0.30 0.4031 

13.4 0.60 0.5962 

5. Conclusions 

We employed MHD and thermal radiation to study the flow of second-grade 
fluid across a stretching sheet. When compared to the analytical results, the error is 
estimated. An analogous correlation between temperature and concentration is 
revealed by the magnetic field variance. It is found that when the magnetic field 
increases (= 0, 0.3, 0.6), the flow’s velocity gradually decreases and becomes zero 

when 𝜂 ≥ 7. While comparing the numerical results with the studies of Ghadikolaei 
et al. [27], one of the primary investigations in this research. Table 2 clearly shows 

that by treating Prandtl number 13.4 and increasing 𝑆𝑐 from 0.30 to 0.60, the mass 
transfer rate increases from 0.4 to 0.59. Graphical observations reveal that both 
velocity and concentration diminish with increasing values of the Schmidt number. It 
is crucial to remember that the results of future research using various effects and 
other numerical approaches may differ from those of the current study. The other 
numerical methods may give more approximate results compared to the bvp4c 
technique, which is one of the limitations of this study. Various numerical and 
analytical methods can be used to determine the errors of physical quantities of 
interest. 
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