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Abstract: The study examines the impact of various theories on the reflection and
transmission phenomena caused by obliquely incident longitudinal and transverse waves at
the interface between a continuously elastic solid half-space and a thermoelastic half-space,
using multiple thermoelastic models. Numerical calculations reveal that the thermoelastic
medium supports one transmitted transverse wave and two transmitted longitudinal waves.
The modulus of amplitude proportions is analyzed as a function of the angle of incidence,
showing distinct variations across the studied models. Energy ratios, derived from wave
amplitudes under consistent surface boundary conditions for copper, are computed and
compared across angles of incidence. The results demonstrate that the total energy ratio
consistently sums to one, validating energy conservation principles. Graphical comparisons
of amplitude proportions and energy ratios for SV and P waves across different models
illustrate significant differences in wave behavior, emphasizing the influence of thermoelastic
properties on wave transmission and reflection.

Keywords: coupled model; two-phase-lag model; G-N model; three-phase-lag model;
reflection; transmission; G-L model; amplitude ratio; energy ratio; L-S model

1. Introduction

The study of thermoelasticity focuses on the equilibrium of entities that are
considered thermodynamic systems and whose interactions with their environment
are limited to work-heat transformation, and outside forces in a given medium. In
general, the deformation process itself contributes to the change in body temperature
in addition to the internal and external heat sources. Under typical heat exchange
conditions, the flux caused by deformation results in uneven heating. The study of
thermoelasticity is the flow of heat and its effect on stress and strain when
temperature and deformation field coupling take place. The elasticity and heat
conduction theories are combined in the thermoelasticity hypothesis. It deals with
how heat affects the deformation of an elastic medium and how deformation affects
the thermal state of the medium under consideration. Numerous appealing models
have been created in recent years by utilizing various theories to examine physical
processes, including heat conduction and diffusion.

A study on the plane waves reflected off the surface of a thermoelastic
immersed, permeable solid half-space with related surface limit conditions was
provided. Using the L-S and G-N theories of generalized thermoelasticity of
saturated porous medium by McCarthy [1]. The plane is the focal point of the
administering conditions. Three connected longitudinal waves and a shear vertical
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wave are shown to occur in a generalized thermoelastic saturated porous medium via
the plane wave solution of these equations. For every incident plane wave travelling
through the medium, there are reflected waves. The right possibilities for occurrence,
reflected in a half-space wave present, are created using Snell’s equation and meet
the requisite boundary conditions. Sharma and Sidhu [2] following the derivation of
the secular equation, examined the motion of plane harmonic waves in homogeneous
anisotropic summed-up thermoelastic materials. Four dispersive wave modes were
discovered to be feasible. The typical modes of linked thermoelasticity are three
modes referred to as quasi-elastic (E). With a finite velocity of propagation, the
fourth mode, alluded to as semi-warm (T) is diffusive in coupled thermoelasticity,
presently looks like a wave. All the modes have been approximated at both high and
low frequencies. Banerjee and Pao [3] looked into the propagation of the plane
harmonic wave in unbounded anisotropic solids. Three of the four characteristic
wave speeds discovered are comparable to isothermal or adiabatic elastic waves. The
intensity beats, frequently known as the subsequent sound, correspond to the fourth
wave, which is mostly a temperature disturbance. Numerical and graphical results
are utilized to assess the velocities, slowness, and wave surfaces of the thermoelastic
waves for solid helium crystals and NaF.

Puri [4] looked at plane waves in generalized thermoelasticity. In the
framework of generalized thermoelasticity, the characteristics of two dilatational
motions are examined. The frequency equation’s precise solution is presented, and
the real and imaginary wave number components precise values are computed. The
behavior of the amplitude ratios for small and big frequencies is studied, along with
the ranges of validity and approximate representations of this solution for large and
small frequencies. Chadwick and Seet [5] published evidence for the propagation of
planar harmonic body waves within a single zinc crystal. Dhaliwal and Sherief [6]
expanded the generalized thermoelasticity theory for anisotropic heat-conducting
thermoelastic materials. In a thermoelastic half-space, wave propagation was studied
by Chandrasekharaiah [7]. The motion of summed-up thermoelastic waves
transversed in an isotropic medium was covered by Singh and Sharma [8]. Sharma
[9] discovered a connection between the concepts of thermoelasticity and
poroelasticity and developed a math-related model for the wave motion in an
anisotropic generalized medium of thermoelasticity. It was investigated how
inhomogeneous waves propagate in anisotropic piezo-thermoelastic mediums.

Prasad et al. [10] described the movement of planar harmonic waves under
thermoelasticity with double-stage slack. Asymptotic expressions of several wave
field characterizations, for example, explicit loss, phase speed, adequacy ratios, and
penetration profundity, result for both low and high values of frequency. Analytical
techniques are used to determine the precise dispersion relations for plane waves.
Using the computer tool Mathematica, the mathematical upsides of particular wave
fields at moderate frequencies are found. The results are then shown in a number of
images to illustrate the analytical findings.

Three-dimensional thermoelastic wave movements under the influence of a
buried source were shown in half-space by Lykotrafitis et al. [11]. The propagation
of waves in a generic anisotropic poroelastic medium was explored by Sharma [12].
Venkatesan and Ponnusamy [13] depicted the wave engendering in a summed-up



Thermal Science and Engineering 2025, 8(1), 10909.

thermoelastic strong chamber under different circumstances. Kumar and Kansal [14]
were examined transversely isotropic thermoelastic diffusive plates by for the motion
of a wave that is called lamb. Yu et al. [15] directed thermoelastic wave proliferation
in stacked plates was displayed without energy misfortune. Kumar and Gupta [16]
described the reflection and transmission of plane waves at the boundary between a
flexible half-space and a portion of a thermoelastic half-space. Youssef and El-Bary
[17] studied the theory of hyperbolic two-temperature generalized thermoelasticity.
Lata et al. [18] worked on transversely isotropic magneto-thermoelastic rotating
materials in the Lord-Shulman model and the thermomechanical interactions
resulting from time-harmonic sources. Kumar et al. [19] studied wave interference,
by considering the fractional order derivative condition on an elastic and two-
temperature generalized thermoelastic half-space. Sherief et al. [20] examined how
semiconductor elastic materials behaved when exposed to an external magnetic field.
The framework takes into account how thermal, elastic, and plasma waves interact.
The thermoelastic behavior of semiconductor materials in plasma is described by a
new completely coupled mathematical model. Ding et al. [21] studied nonlocal
elasticity captures these microstructural interactions, which are crucial for
interpreting the overall behavior of the composite. The mechanical response at each
position in the examined composite materials with heterogeneous microstructures is
influenced by surrounding inclusions or fibers. Li et al. [22] worked on influence of
time-dependent effects and long-range forces on the mechanical behavior of
nanoscale objects, such as thin films, nanotubes, and nanowires is well captured by
this model. Biological tissues, particularly in polymers and soft materials, where the
response to loading varies on both time and previous deformations, the model
describes history-dependent behavior for viscoelastic materials that is essential for
comprehending stress relaxation and creep. Kumar [23] examined micropolar
elasticity is appropriate for capturing the varying rotations and deformations of the
fibers and matrix in fiber-reinforced composites. The theory also applies to porous
and granular materials, such as powders or soils, where complicated mechanical
behavior can result from the rotation of individual grains relative to one another.
Furthermore, because classical elasticity is unable to explain the behavior of high-
frequency, short-wavelength waves, such as ultrasonic waves, in microstructured
materials, micropolar elasticity is essential for comprehending high-frequency wave
propagation. Yadav et al. [24] examined the nonlocal elasticity reflection phenomena
in a hygrothermal medium. Three integrated plane waves—Ilongitudinal
displacement, shear vertical SV wave propagation in the medium, moisture diffusion
mD-wave, and thermal diffusion TD-wave—are predicted by the plane wave
solution. The hygrothermal medium’s P, mD, TD, and SV wave velocities are
calculated. For the incidence of a hygrothermal plane wave, expressions for the
energy ratio and reflection coefficient are created and shown graphically. Abd-Alla
et al. [25] studied the wave motion under the effect of a magnetic field in a vacuum
and compared the dual-phase-lag model and Lord-Shulman theory in the absence
and presence of a magnetic field. Othman et al. [26] compared the reflection of
generalized thermoelastic waves for the different theories (CT, L-S, G-L) in the
presence of rotation, magnetic field, initial stress and the two-temperature parameter.
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The interesting phenomena at a plane point of interaction between a versatile
solid half-space and on the other side of the plane, considering different models are
discussed in the current work. Work has been done on different theories given by
authors, such as couple theory, Lord and Shulman (L-S) theory, Green and Naghdi
(G-N) theory, Green and Lindsay (G-L) theory, and two-phase-lag and three-phase-
lag theories of thermoelastic solids in other half-space. The amplitude proportions of
various refracted and reflected waves to the wave that approaches the boundary are
determined. The expressions of the energy proportions for the incident wave to the
different reflected waves along with the refracted waves are further found using the
amplitude ratios. These energy ratios are visually shown and comparisons are
provided for several ideas. The values of energy ratio can be negative or positive but
the overall sum of all energies is the same in both cases. Thus, the total sum of
energies in every theory is one. Because of the values being both negative and
positive, they affect each other and have a sum of 1 for each incident angle. So,
during the interaction, the rule of conservation of energy is confirmed.

2. Governing equations

The equation for thermal conductivity, which incorporates the dilatation term
based on the thermodynamics of irreversible processes, was satisfactorily derived by
Biot [27]. To resolve the contradiction in the conventional uncoupled theory, which
states that elastic changes have no impact on temperature, he developed the idea of
coupled thermoelasticity. The coupled theory of thermoelasticity results from the
coupling of the temperature and strain fields. Equation of motion given as:

A+ WV + Wi — ¥Ti + pFy = p¥; (1)
Coupled theory equation of heat conduction is:
KTy +Q = pcT + yToéy (2

By modifying the law of heat conduction, Lord and Shulman [28] introduced
the theory of generalized thermoelasticity with one relaxation time (the isotropic
body), which resolves the paradox of infinite speeds of heat and elastic disturbance
propagation present in both the coupled and uncoupled theories of thermoelasticity.
The theory of heat conduction is as follows:

d .
KT,ii = (1 + To a) (pCT + yTOékk — Q) (3)

The theory of thermoelasticity with two relaxation times or the theory of
temperature-rate-dependent thermoelasticity, as presented by Green and Lindsay
[29], is a further generalization of the coupled theory of thermoelasticity and is as
follows:

The equation of motion and the equation of heat conduction are respectively:

(A4 L)V + 1V, — y(T+ TlT),, + pF, = pv, 4

KT:u+Q = pC(T + ToT)'l' yToe'kk (5)
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For homogeneous and isotropic materials, Green and Naghdi [30,31] suggested
three thermoelasticity models. The terms type-I, type-II, and type-III thermoelasticity
are used to refer to the three different theories. While the second and third models
provide for additional sound effects, the first of these models is identical with
coupled thermoelasticity. The Green-Naghdi (Type-III) theory of the heat conduction
equation is:

KT;i+K*v; + pr = pcT + yToépye (6)

RoyChoudhuri [32] identified the initiative in the three-phase-lag model heat
transport equation as:

0 . .
(1 + 74 a) (pcT +yToéxr — Q) = TyTy + Ktp Ty + K*v (7

We assume that the material parameters satisfy the inequality 0 < 7, <7, <
7, . Then the equation states that the temperature gradient and the thermal
displacement gradient established across a material volume located at position P(r)
at time t + 7, and t + T, result in heat flux to flow at a different instant of time z,.
The third delay time 7, may be interpreted as the phase lag of the thermal
displacement gradient.

Tzou [33] defined the two-phase-lag model heat conduction equation as:

2
k(141 D)= (147,24 ez L (peT +¥Tobr — Q) (8)
Tat il qat 2 qatz p Y1io€kk

According to which the temperature gradient at a point P at time t + t;
corresponds to the heat flux vector at P at time t +7,. The delay time 7, is
interpreted as that caused by the microstructural interactions, such as photon-electron
interaction or photon scattering, and is called the phase lag of the temperature
gradient. The other delay time z, is interpreted as the thermal relaxation time due to
the fast transient effect of thermal inertia and is called the phase lag of the heat flux.
Without even a trace of an outer intensity source (body forces and heat sources), a
minimized type of situation for the displacement and temperature field for the
thermoelasticity theories previously described in Equations (1)—(8) is as follows.

The equations of motion:

0 .
A+ WV ki + UV — ¥ (1 + 174 E) T; = pv 9)

The heat conduction equation:
(10)

where n*, tq, t3,nq, Ty, to, t4, ng are parameters. Which are defined below for each
case.

The Equations (9) and (10) are reduced to several special cases as follows:

Case 1: Coupled theory condition of thermoelasticity is obtained.
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=1t =0n=1,t,=0,t3=0,7=0,t, = 0,7, = 0.
Case 2: The L-S theory of thermoelasticity holds.
n=1n =1t =0,t,=0,1, =0t =0,ny=1,t, = 0,75 = 0.
Case 3: The G-L theory of thermoelasticity follows.
n=1t;=0n,=0,t, =0,7g =1,t3=0,n; = 1,t, = 0,7, = 7.
Case 4: The G-N (Type-III) theory of thermoelasticity is obtained when.
n>0n =0t =1.,t,=0,17g=1,t3 =0,t, =0,ny = 1.
Case 5: The Three-phase-lag theory of thermoelasticity is obtained when.

2

T
Tog = 1,n0 = 1,n1 = 0,7:1 = O,tz :TCI’tl = 1+n*TV,t3 :TT,t4 :7q

Case 6: The Two-phase-lag theory of thermoelasticity is as follows:
2
N =11=1¢ no =1 =11, =0ty =7p, t; =4,t; =0, t;, = 0.
The temperature-stress-strain relationship is denoted as follows:
0

O-ij = 2‘Ll,€ij +/1€kk5ij —]/<1 +T1 a) T(Sl] (11)

The strain is related to displacement as follows:
1
eij =5 (Vi + ;1) (12)

where
T = 6 — T,, increase in temperature. T,, temperature of reference for the object

chosen to hold << 1. 6, temperature which is considered absolute for medium.

T
To
Cg, specific heat when strain is constant. p, represents the density, which is not
dependent on time. o;;, are the stress components. e;;, strain components. ey,
represents dilatation. v, is the thermal displacement. 7, heat flux from phase lag.
Tr , temperature of phase lag. K*, is the material characteristic. t,,, thermal
displacement of phase lag. K, coefficient of thermal conductivity. y = (31 + 2u)a;
u, A are the Lame’s constants, a; iS the term used as a thermal linear expansion term.
v;, components in the plane of the displacement vector v.

3. Discussion of problem

We assume a homogeneous isotropic space with an interface along x; = 0
containing thermoelastic theories in x; > 0 (Medium II) with x5 points vertically
upward and an isotropic elastic solid in x; < 0 (Medium I) with x5 points vertically
downward. (x,, x,, x3) to be a coordinate of the Cartesian plane. The wave front of
the reflection and transmission issue being studied here is parallel to the x5 axis and
is in the two-dimensional plane x; — x5 shown in (Figure 1). Let’s assume that an
incident plane harmonic wave P or SV, travels inside the isotropic upper half-elastic
solid space.
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To solve the problem related to two-dimensional space, consider the
displacement vector in medium II as:

v = (vl,O, 173) (13)
Here, dimensionless quantities are defined as:
x; = Conx;, v; Convl,vl Convii=1,3,

t, = CO r]t, Tl = CO ntq, T, - T_O, (14)

e = pCoP™, P}y = pCoP}s, i,j = 1,3

= —JO-" ]
pCs’ Y pC 5
where

2_1+2H _pCE
CO = P) ,7’]——K.

By using the Equations (13) and (14) in Equations (9) and (10), after
suppressing the primes, the resulting Equations are (15)—(17) as follows:

dv; 0dvs ) ( ) 6><6T> , 0
15
( + )+l7 v —bl1+18% ox; B atz (15)

dx; 0Oxs

(/3—)—

dx,

(B? - )_(%+6v3>+‘72v3 b(1+T1,6’2 6><6T> B? 6;3 (16)

0x3\0x; 0x3 0x3
>72T—

17
63+t o T+e a+ az+t 63+t o (6v1+6v3) 0

TR R M e L e R s LY 9x3

where
A+2u YTy un

€E=——,p% = b=—,a=—,c=C¢ 18
PCE BT = u 0 P on (18)

The potential operates as follows in relation to the non-dimensional
displacement components v,, v3 in Medium II.

9 W, _0¢, 0%

— —_ 1
d0x, 6x3'v3 0x3; 0x, (19)

vl =
where 1 notation is used for the potential transverse waves, ¢ notation is used for
the potential longitudinal waves. Substituting Equation (19) in the Equations (15)—
(17) results in the following equations:

K d
ﬁ2<|72 atZ)(p b(1+11[?2 t) =0 (20)

i
Vzlzu—ﬂZW:O (21)
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+t a+t o° V2T =
Tl 166 3C 6t2 =

0 2 63 64 0 02 3 4
( 15,05zt tyc? FTEd tyc3 8t4'> T+e€ ( 15; FMoToC 55 + tyc% ==+ t4c3 —) Vg
For propagation of harmonic waves in the considered plane as:
{d); lp; T}(xll X3, t) = {d—)l l/j! T}e—i(ut (23)

Here the particle’s angular frequency of vibration is w. After simplifying the
Equations (20) and (22) by substituting Equation (23), we obtained Equation (24):

[RV*+SV2+T]p =0 (24)
where

R = f?(n* — itjcw — tzc%w?),
S = B?(injw + Tocw? + ity c?wd — tycdw*) + b € (1 — it f2aw) (ingw + Tongcw? + ityc?w® — tycdw?),
T = B2w?(n* —i(tyc — nyw — (t3 — ity)c?w? + 1ocw? — tyc3w?).

The general form of Equation (24) solution can be considered as:
¢ =¢1+ ¢ (25)

Taking i = 1, 2 the potentials satisfy the equations of wave, resulting in:
w?] -
Vi +—|hi=0 (26)
Vi

Characteristic equations whose roots are named V;, V, for the P and T waves
respectively, are given below:
V*—Sw?V?+ Rw* =0 (27)
With the help of Equations (21) and (23), we get:

2
[\72 + ‘;—32] B =0 (28)

where V; = % velocity of a transverse wave (SV wave) in medium x; > 0.
Using Equations (22), (23), (25) and (26), we obtain:

2
(.1 = ) (Lme (29)
i=1

where

(inyw + Tongcw? + it,c?w? — tycd3w?) € w? ,
m; =773 : 22 2 3 5 =12 (30)
VA(n* —itycw — t3c?2w?)V? + (inqw + Tocw? + ityc?w3 — tyc3w?)]

The fundamental equation for homogeneous isotropic elastic solids is expressed
as:

(A€ + uOIW (Vv;) + uV2v,® = p°i, (31)
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where p¢, A€ are Lame’s constants. v{, represents the components in a Cartesian
plane having a displacement vector v¢. p¢, indicates the density in the medium x; <
0.

e e
e _ Ovy | 0Ovs

e{ = .
1 0x, Ox3

For a two-dimensional plane x; — x3 problem, the components v{ = (vf,0, v§
can be considered as:
ad)e al/)e .o ad)e N al/)e

0x; 0x3 Shn ox3  0x,

(32)

vy

where potential @€ corresponds to longitudinal wave and ¢ corresponds to
transversal wave equations from using Equations (31) and (32):

2,.e 1 Y]
Vg =z=? (33)
p
2 e 1 o
Veye = —1 (34)
S
where
(2° + 2p°) pe % s
e — e — —_ = — = — 35
ap 0° , BE pe,a CO,B C (35)

The isotropic elastic medium’s stress tensor and strain tensor are respectively

given by:
of; = 2u°ef; + A°egy 0y
ety =5 (v + 5 9
where e/ is the dilatation.

4. Wave potential functions

sV

Elastic half space
(medium I)

x3<0
1

contact surface x3= 0 .
X1-axis

Thermoelastic models half-
space (medium II)
x3>0

x3-axis

Figure 1. Geometry of the problem.

Consider a harmonic wave (P or SV) striking at the interface x; = 0 and
travelling in medium x; < 0 and x3 > 0 (Figure 1) shown.
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In medium x5 > 0, the potential functions satisfying Equations (34) and (33)
can be taken as Kumar and Kansal [34]:

P = A'gexp[iw{((xlsineo + x300590)/a) - t}] + A'iexp[iw{((xlsin& - x3cos91)/a) - t}] (37)

Y = B'gexp[iw{((xlsineo + x3c0590)/ﬁ) — t}] + B'iexp[iw{((xlsinHZ - x3cos92)/,8) — t}] (38)

w is the angular frequency, and the coefficients A'g, B'g, A and B'; are the
amplitudes of the incident P (or SV), reflected P and reflected SV waves
respectively.

Following Borcherdt [35], the complete structure of the refracted wave’s wave
field in isotropic thermoelastic solid half-space may be expressed as:

2

{p, T} = Z{l'mi}B£ exp(Aé. r)exp{i(Pi. r — wt)} (39)
i=1
Y = Byexp(As.7)exp{i(Ps.7 — wt)} (40)

where the coupling constants m;, i = 1,2 are given in the above Equation (30).
Bi',i = 1, 2,3 be the coefficients taken to represent the amplitudes of refracted P, T
and SV waves respectively. The wave motion vector considered P;,i = 1,2,3 as
well as the attenuation factor A;,i = 1, 2, 3 are given by:

P; = {pXy + dVigXs, Al" = —=&%, —dVyx;,i=1,2,3 (41)

where

2
AV, = dVig + idV;, = p.v. (% . §2>, i=1,2 (42)
l
where x;, X3 denote the unit vector in the x; and x5 directions, respectively, where
p.v. stands for the primary value of the complex quantity generated from the square
root. & = & + i&;, where & represents the wave number, which is in the form of a
complex number, R and I stand for complex numbers having the real and imaginary
parts correspondingly. Consider { = 0. In the isotropic thermoelastic medium,
different models are given by complex numbers:

& = —i|Ay| sin(6; —y;) + |P;|sin6;,i=1,2,3 (43)
where 9£ indicates the refracted angle in Medium II and the angle between the wave
propagates and the attenuation vector is taken as y;. If |4;| # 0, then; = y;, i =
1,2,3, implies that three refracted waves are in the direction of x; axis.

5. Surface boundary conditions

The surface boundary conditions with the partition that must be fulfilled x; = 0
are as follows:
a) Mechanical conditions:

033° = 033 (44)

10
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031° = 031 (49)
b) Displacement conditions:
¢ =1 (46)
V3¢ = vy 47
c) Thermal conditions:
aT
P hT =0 (48)

where
h indicates the coefficient of heat transfer.
h — 0 is equivalent to a boundary with insulation.
h — oo corresponding to a boundary that is isothermal.

Oap = #(%,3"‘2”3,1)’ 43 = [(Ae"'zlie)"ezs"'levf,ﬂ’
pCo pCq

O-?‘fl = _”e(”f,a"z'”;l)’ ??3 — [()‘e"'zﬂe)”%a"'/le”fl] '
pCy PGy

Here, construct a system of five equations of non-homogeneous nature in six
unknowns by including the potentials provided by Equations (37)—(40) into the
earlier boundary conditions Equations (44)—(48).

5

Z Ciklk = Gi (49)

k=1
In addition to Snell’s law provided by:

¢ wsinl, wsinf; wsinb,
. Vo a B

(50)

where Z;, = |Zk|e“l’7c, |Ze |, Yr, k=1,2,3,4,5 represents the proportion (ratios) of
amplitudes and phase shifts of refracted P, refracted T, refracted SV, reflected P and
reflected SV waves with respect to incident waves, c;, (i, k = 1,2, 3,4,5). Refer to

Appendix A.
Also,
a, incident P-wave
Vo= {B, incident SV-wave (51)
And,

§r=0.

Therefore, in x5 -direction waves are attenuated. The coefficients g;, i =
1,2,3, 4, 5 for the right side of the Equation (49) can be written as:
i=1-- 4’

i

_ [(=1D*¢;,, incident SV wave
B (52)

(—1)tc;,, incident P wave
9:=0 ;i=5

11
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According to Achenbach [36], now let’s take a look at a unit-sized surface
element that sits at the intersection of two media and calculate the amount of energy
distributed.

P* = Ulmlml}l (53)

The stress tensor is denoted by o;,, and v; is the component of the particle
displacement, I,,, the unit normal vector is in the form of a direction cosine, and I the
normal outward vector is considered part of the area element. Over a period, the time
average is denoted by (P*).

6. Energy partition

Physically, it is necessary to take into account how the incident wave’s energy
is distributed among the numerous refracted and reflected waves at the planar
contact. According to Achenbach [36], the pace of energy movement per unit region
is as follows:

(P*¢) = Real(o){3Real(v{) + Real(c)$;Real(v$)(elastic solid medium)
(Pi*j> = Real(a)gReal <1'71(j)> + Real(o)glg Real <1’73(j)> (thermoelastic solid medium) (54)
By Achenbach [29], consider two complex functions m and n, and we have:
1
(Real(m)){Real(n)) = E(Real(mﬁ)) (55)

The energy ratio E; used for the reflected SV-waves and reflected P-waves is
(Kumar and Kansal [34]):

PR (56)
L (Po*e>’ )
p*

where E,, E; are the reflected SV and P waves energy ratios respectively. The
leading diagonal represents the energy matrix E;; in Equation (57). On the other
hand, it represents the P, T and SV waves energy ratios, while the sum of the
elements other than the diagonal entries provides the interaction energy share for all
refracted waves in Medium-II.

3 /3
Err = Z Z Eij — Ey (58)
i=1 \j=1
And,
1w4—pec2 Jer2 1w4peC2 Jer2
(Pi) = 5= [ ReCcos8), (5 = 5 == B3| Re(cosdy).
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1 (1)4 eCZ ,
{(Pge) =-5 P < |4"5|cos8, (incident P — wave)
(Po®) = 1 whpec? (59)
xe\ _ P~ Co e P .
(Pp¢) = — 73 |B'o|cosby, (incident SV — wave)

(P;),; i€ {1,2,3}, ] € {1,2,3}. Refer to Appendix B.
Through the relationship, it is possible to see the incident energy holds the
conservation of energy throughout the process for all studied theories.

E11+E22+E33+E1+E2+ERR =1 (60)

7. Numerical results and discussion

Here are some numerical findings for the copper substance (Sherief and Saleh
[37]), for which the following physical information is provided:

Cp =383.1JKg 'K™!, K =0.383 X 103Wm 'K, T, = 0293K,h = 0,a, = 1.78 x 107°K "},
A=776%x10"°Kgm 1s7%,p =8.954 x 103Kgm~3,u = 3.86 X 101°Kgm~1s72,

Bullen [38] provides the numerical values for granite in an elastic medium.
a® =527 %x103ms™ 1, p® = 2.65 x 103Kgm™3, f¢ =3.17 x 103ms~1.

By considered Cases 1 to 6 defined above. In particular, for G-L theory
consider ty = 1, 7, = 2, for G-N theory consider n* = 2. The values of energy
ratios and an energy matrix defined in the previous section have been calculated
using the software MATLAB R2023a for various values of initial falling angle 6° in
interval 0° to 90° and the frequency w = 200n Hz used for incident P and SV
waves. The effect of changes in incident angle with the energy ratios for coupled
theory, L-S theory, G-N theory, G-L theory, three-phase-lag theory, and two-phase-
lag theory has been shown in Figures 2-7 (for P wave) and effect of angle on
amplitude is observed in Figures 8-12 (for P) respectively. The effect of angle on
energy ratio is observed in Figures 13-18 (for SV waves) and effect of angle on
amplitude is observed in Figures 19-23 (for SV waves) respectively. In all plotted
graph, black, red, blue, pink, green, and navy-blue rectangular strips represent
coupled models, the L-S model, the G-L model, the G-N model, the three-phase-lag
theory and the two-phase lag theory respectively. 3D graphs are generated to
demonstrate the impact of various thermoelasticity theories.
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B COUPLE THEORY
B L-S THEORY

B G-\ THEORY

B G-N THEORY

B THREE PHASE THEORY
Bl TWO PHASE THEORY

12

Figure 2. Changes in energy ratio E; w.r.t angle for 6° P wave.

It is observed in Figure 2 that Coupled, L-S, G-L and G-N model energies
show the same behavior the values of energy proportion E; increase with the
increase in value of angle incidence 0° < 6° < 90°, and three-phase-lag model
analysis and two-phase-lag model analysis show the same behavior in which the
value of energy decreases as 6° increases and increases continuously at 6° = 86°.

| I COUPLE THEORY

B L-S THEORY

B G-L THEORY

B G-N THEORY

Bl THREE PHASE THEORY
1 TWO PHASE THEORY

Figure 3. Changes in energy ratio E, w.r.t angle 6° for P wave.

Further, Figure 3 shows that the values of E, decrease as €° is in the range 10°
< ¢° < 20° and thereafter remain constant as the value of 6° increases continuously
for the Coupled L-S, G-L and G-N models. Three- and two-phase-lag models appear
to be constant as their values are above 0 but very small compared to other models.

14
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COUPLE THEORY

L-§ THEORY

G-L THEORY

G-N THEORY

THREE PHASE THEORY

Figure 4. Changes in energy ratio E;; w.r.t angle 6° for P wave.

Figure 4 indicates that for L-S, G-L, the three-phase-lag model attains the
minimum value of energy as the 6° increases from 0° to 90°. The coupled model and
G-N model attain maximum value, decrease continuously, and then attain minimum
value in the range 18° < #° < 90°. The two-phase-lag model attains a comparatively
higher value than L-S, G-L and the three-phase-lag model, but there is not much
difference as the 6° increases from 0° to 90°.

| EElll COUPLE THEORY

| B L-S THEORY

| I G-L THEORY

| B G-N THEORY

| B THREE PHASE THEORY
TWO PHASE THEORY

2 50

Figure 5. Changes in energy ratio E,, w.r.t angle 6° for P wave.

Figure 5 shows that E,, has the same behavior and changes as in E;4, but the
magnitude values are different. For L-S, G-L, two-phase-lag and three-phase-lag
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model attain the minimum value of energy as the 6° increases from 0° to 90°. The
coupled model and G-N model attain maximum value at 6° = 17°, after which it
decreases continuously and then attains minimum value in the range 18° < 6° < 90°.
The two-phase-lag model attains a comparatively higher value than L-S, G-L and the
three-phase-lag model, but there is not much difference as the 6° increases from 0° to

90°.

| I COUPLE THEORY
| B L-S THEORY

B G-L THEORY
| S G-N THEORY
| IR THREE PHASE THEORY
| N TWO PHASE THEORY

70000

Figure 6. Changes in energy ratio E;3 w.r.t angle ¢° for P wave.

Figure 6 depicts that the two-phase-lag model and the three-phase-lag model
E5 attain the minimum value in the range 10° < #° < 90° and the maximum value at

6° = (0.5°). In 0° < 6° < 10°, the value of E53 decreases.
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Figure 7. Changes in energy ratio Ezg W.r.t angle 6° for P wave.
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Figure 7 depicts that for two-phase-lag and three-phase-lag models, the energy
ratio Erp attains a value nearly equal to zero. For coupled L-S, G-L and G-N models
the value of Egg attains near zero in the range 10° < 6° < 90° and outside of this
range energy decreases continuously until it attains its minimum value at 6° = 7°.

| I COUPLE THEORY

| . LS THEORY

| I G-L THEORY

B G-N THEORY

Bl THREE PHASE THEORY
| I TWO PHASE THEORY

.

Figure 8. Changes in amplitude ratio |Z; | w.r.t angle 8° for P wave.

Figure 8 shows that the values of |Z, | decrease in the range 20° < 6° < 40° and
after that, they increase continuously with an increase in angle for the coupled L-S,
G-N and G-L models. For two-phase-lag and three-phase-lag theories, after attaining
the maximum value, the value |Z; | decreases continuously.

o Bl COUPLE THEORY
P17 = I LS THEORY
o S, B G-L THEORY
s - S B G-N THEORY
o S B THREE PHASE THEORY

Figure 9. Changes in amplitude ratio |Z,| w.r.t angle &° for P wave.

17



Thermal Science and Engineering 2025, 8(1), 10909.

Figure 9 shows that for the coupled L-S, G-N and G-L models, the value of
|Z,| attains the maximum value at 6° = 19° after it gives a constant value near to
zero. For the other two models, three-phase-lag and two-phase-lag, it remained
constant nearing zero when the angle 6° increases in the range of 0° < §° < 90°,

respectively.

B COUPLE THEORY
B L-S THEORY

B G-L. THEORY

B G-N THEORY

B THREE PHASE THEORY
TWO PHASE THEORY

Figure 10. Changes in amplitude ratio |Z3| w.r.t angle 6° for P wave.

In Figure 10, the value of |Z;| depicts the same behavior and variations for all
the models show values near to zero. For the two-phase-lag model, the value of the
amplitude ratio decreases continuously as the 8° increases in the range 0° < 8° < 90°.

B COUPLE THEORY
B L-S THEORY

B G- THEORY

B G-N THEORY

B THREE PHASE THEORY
| I TWO PHASE THEORY

2‘005108

Figure 11. Changes in amplitude ratio |Z,| w.r.t angle &° for P wave
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Figure 11. The values of |Z,| depict the same behavior and variations for all
the models show values near zero for increasing values of incident angle. For the
two-phase-lag model, the value of amplitude decreases continuously as 6° increases

in the range of angle 0° < #° < 90°.

Figure 12. Changes in amplitude ratio |Z5| w.r.t angle 6° for P wave.

Figure 12 shows that for the coupled L-S, G-N and G-L models, the values of
|Z5| after attaining the maximum value are constant and near zero. For the other two
models, three-phase-lag and two-phase-lag, it remained constant nearing zero as 6°

increases 0° < 6° < 90°, respectively.

Bl COUPLED THEORY

B LS THEORY

B G L THEORY
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B THREE PHASE THEORY
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Figure 13. Changes in energy ratio E; w.r.t angle 6° for SV wave
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In Figure 13, it is concluded that all models E; show an increase in values as
the angle increases in 0° < 6° < 30°, attain a maximum at 6° = 30°, decrease rapidly
for 30° < 8° < 40° and thereafter attain a minimum value nearly at zero in the range

50° < 6° < 90°.

| I COUPLED THEORY

| N L-S THEORY

| I G-l THEORY

| I G-N THEORY

| Il THREE PHASE THEORY
Bl TWO PHASE THEORY

1.0

Figure 14. Changes in energy ratio E, w.r.t angle 6° for SV wave.

Figure 14 shows that the behavior of E, is opposite to E; and has obtained the
maximum value of 1 in the interval 40° < 6° < 90° for Coupled, L-S, G-L and G-N
models, but the energy of two-phase-lag and three-phase-lag models increases as 6°
range 40° < 6° < 90° increases, reaching a maximum at §° = 90°. For 30° < ¢° < 40°,
all models show an increase in value with an increase in 6°.

B COUPLED THEORY
B L-S THEORY
B G-L THEORY
B G-N THEORY

B THREE PHASE THEORY
B TWO PHASE THEORY

06

Figure 15. Changes in energy ratio E;; w.r.t angle 6° for SV wave.
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In Figure 15, it is depicted that E;; shows similar behavior and variations for
all the models coupled, L-S, G-L, G-N and the three-phase-lag except the two-phase-
lag. It attains a value close to zero in the interval 0° < #° < 40° and then fluctuates for
40° < §° < 80° and finally attains a maximum value in the interval 80° < §° <90°.

| N COUPLED THEORY
B -5 THEORY

B G-l THEORY

B G-N THEORY

Bl THREE PHASE THEORY
B TWO PHASE THEORY

Figure 16. Changes in energy ratio E,, w.r.t angle 6° for SV wave.

Observation in Figure 16 E,, shows similar behavior and variations for all the

models except the two-phase-lag model. It attains a value close to zero in the interval
0° < 6° < 40° and then fluctuates for 40° < 6° < 80° and finally attains a maximum

value in the interval 80° < £° < 90°.

Ml COUPLED THEORY
B L-S THEORY
B G-L THEORY
B G-N THEORY
B THREE PHASE THEORY
| M TWO PHASE THEORY

Figure 17. Changes in energy ratio Ez3 w.r.t angle 6° for SV wave.

21



Thermal Science and Engineering 2025, 8(1), 10909.

Figure 17 indicates that E55 attains a value close to zero in the range 0° < 6° <
40° and then fluctuates at #° = 45°. Then increases 45° < #° < 80° and attains
maximum value for Couple, G-L, L-S and G-N models. After that, it decreases and

attains its minimum value.

I COUPLED THEORY

B L-S THEORY

B G-L THEORY

B G-N THEORY

B THREE PHASE THEORY
2 Bl TWO PHASE THEORY

Figure 18. Changes in energy ratio Ezg W.r.t angle 6° for SV wave.

Figure 18 indicates that for all models, values of Exy are nearly zero, decrease
smoothly in the range 75° < §° < 80°, attain the minimum value for 6° = 80°, then
increase rapidly in the range 80° < #° < 90°, and finally take the value 1. But in the
case of two-phase-lag and three-phase-lag model behavior, the value is near zero.
Both the P and SV waves show the sum of all different energies. This holds for all

the theories.

P COUMLED THEORY
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Figure 19. Changes in amplitude ratio |Z;| w.r.t angle 6° for SV wave
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From Figure 19, it is evident that for all models |Z,| shows an increase in

values as 6° changes. It increases in the range 0° < ° < 50°, attains a maximum at 6°
= 50°, decreases rapidly for 50° < #° < 75° and thereafter increases again after

attaining a minimum value nearly to zero in the range 75° < 6° < 85°, then again

decreases.
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Figure 20. Changes in amplitude ratio |Z,| w.r.t angle 6° for SV wave.

Figure 20 shows that the behavior and changes of |Z,| are opposite to |Z,| and

have a maximum constant amplitude value in the range 40° < 6° < 90° for the
Coupled, L-S, G-N and G-L models. But in two- and three-phase-lag models,

fluctuating behavior is shown as 6° an increase in the range 20° < §° < 90°.
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Figure 21. Changes in amplitude ratio |Z5| w.r.t angle 6° for SV wave.
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In Figure 21, it appears that |Z5| has the same behavior and variations for

Coupled, L-S, G-N, G-L and three-phase-lag models. But in the two-phase-lag
model, amplitude ratio increases in the interval 0° < 6° < 40° and then decreases in

40° < 6°<90°.

Bl COUPLED THEORY
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Figure 22. Changes in amplitude ratio |Z,| w.r.t angle 6° for SV wave.

In Figure 22, it appears that |Z,| has the same behavior and variations for all
the models. In the two-phase-lag model, amplitude ratio increases in the interval 0° <

6° < 40° and then decreases in 40° < §° < 90°.
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Figure 23. Changes in amplitude ratio |Zs| w.r.t angle 6° for SV wave.
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From Figure 23, it is noticed that in the range 40° < 6° < 60°, amplitude |Zs]|
shows a constant value for all models. At 8° = 60°, it attained a minimum value and
then again increases as angle increases, and 85° < #° < 90° rapidly decreases.

8. Conclusion

In the current article, the phenomenon of incident elastic waves on the surface
x3 = 0 is discussed. Transmission and reflection at the plane between a half-space of
elastic solids x; < 0 and six models in another half-space x3 > 0 of thermoelastic
solids (Coupled, L-S, G-N, three-phase-lag, two-phase-lag and G-L theories) has
been investigated for isotropic material. Various wave conditions regarding
displacement potentials are used to identify and describe the three waves in
thermoelastic solid media with different models. With regard to the angle of
incidence, the proportions of energies for various refracted and reflected waves with
respect to the incident wave are calculated computationally, shown visually and then
compared for all six models.

Findings: The analysis of the results permits some concluding remarks:

1) All distributions show a considerable influence from the phase lag effect, which
can be seen. The difference between all the thermoelastic models and dual-
phase-lag (DPL) thermoelastic model is very clear.

2) Due to differences in phase lags in different thermoelastic models. Differences
in energy ratios and amplitude ratios are observed.

3) Graphically, it is observed that values of energy for different angles in P waves
achieve the highest and lowest values as compared to SV waves. But still, both
acquired the sum of energies as one.

4) We draw the conclusion from numerical results that for all theories of the
thermoelastic model, the influence of the angle of incidence on amplitude and
energy ratio is substantial.

5) The law of incident energy conservation at the interface is guaranteed by the
fact that the total energy ratio of all reflected waves, refracted waves and
involvement between refracted waves reliably ends up being unity. It is noticed
that the sum of the values of E;, E,, Ey1, E33, E5; and Egg €nergy ratios is
found to be unity at each value 8°, which proves the law of conservation of
energy in the medium considered.

6) The considered problem has applications in astronautics, earthquake
engineering, rocket engineering, and many more engineering areas.
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Appendix A
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Here p.v. is calculated having restriction j = 1,2, 3. dV;; = 0 to fulfill the decay requirement in a thermal elastic

medium.
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Appendix B

i -t (5 (20 k(29 () + 2]

0 =Rl B () (2) s () (2) 472 ()] 1)

w w W w w?
o\ _ ot ¢r ZER_ER dvs)? _ ,éravz dv; 28R AVs V) 5/
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