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ABSTRACT 

Hybrid nanofluids have several potential applications in various industries, including electronics cooling, automotive 

cooling systems, aerospace engineering, and biomedical applications. The primary goal of the study is to provide more 

information about the characteristics of a steady and incompressible stream of a hybrid nanofluid flowing over a thin, 

inclined needle. This fluid consists of two types of nanoparticles: non-magnetic nanoparticles (aluminium oxide) and 

magnetic nanoparticles (ferrous oxide). The base fluid for this nanofluid is a mixture of water and ethylene glycol in a 

50:50 ratio. The effects of inclined magnetic fields and joule heating on the hybrid nanofluid flow are considered. The 

Runge-Kutta fourth-order method is used to numerically solve the partial differential equations and governing equations, 

which are then converted into ordinary differential equations using similarity transformations. Natural convection refers 

to the fluid flow that arises due to buoyancy forces caused by temperature differences in a fluid. In the context of an 

inclined needle, the shape and orientation of the needle have significantly affected the flow patterns and heat transfer 

characteristics of the nanofluid. These analyses protest that raising the magnetic parameter results in an increase in the 

hybrid nanofluid thermal profile under slip circumstances. Utilizing the potential of hybrid nanofluids in a variety of 

technical applications, such as energy systems, biomedicine, and thermal management, requires an understanding of and 

ability to manipulate these effects. 

Keywords: heat transfer; magnetohydrodynamics (MHD); Joule heating; velocity slip; thermal slip 

1. Introduction 
Joule heating refers to the process of heat generation that occurs 

when an electric current passes through a conductor, such as a metal or 
a fluid. In this research analysis, a fluid flows over a stretching surface 
with a certain permeability[1]. This study would be used to understand 
the temperature and concentration distribution, as well as the flow 
pattern in the fluid[2]. These studies help researchers understand the heat 
transfer behavior and optimize the design of systems where these effects 
are significant, such as in energy conversion devices, combustion 
processes, and thermal management systems[3,4]. Nanofluids are 
colloidal suspensions with nanoparticles dispersed in base fluids like 
water, oil, or ethylene glycol. Joule heating is a method for synthesizing 
nanoparticles in nanofluids by applying high electric current to a 
precursor solution, facilitating nucleation and growth, and enabling 
controlled synthesis. This research's improved thermal properties make 
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them promising candidates for enhancing heat transfer efficiency and improving the overall performance of 
thermal systems[4]. This research analysis identifies the most influential parameters and natural convective 
flow, and it’s their impact on the system’s behavior. This can help optimize the system design or suggest areas 
for further research[5–8]. This research analysis shows that nanofluid properties impact natural convection in 
enclosures, with increased thermal conductivity enhancing heat transfer rates. Understanding and optimizing 
these effects is crucial for efficient use in various heat transfer applications[9–11]. Recent research in the field of 
hybrid nanofluids is ongoing, and new applications continue to emerge as scientists explore their unique 
properties and potential in various fields. This study would analyze and interpret the numerical results obtained 
from the solution. This may involve visualizing the flow patterns, temperature distribution, and other relevant 
quantities. Compare the results with experimental data or analytical solutions, if available[12]. This study would 
analyze numerical simulations and analytical solutions that can reveal the impact of SWCNT and MWCNT 
concentration, magnetic field strength, and other parameters on nanofluid flow patterns, heat transfer, and 
particle distribution. This is valuable for advanced cooling systems and heat exchangers[13]. This research 
analyzes Lorentz force and viscous dissipation effects to predict the behavior of a propylene glycol-water 
mixture containing paraffin wax and sand nanoparticles. This knowledge optimizes system design, controls 
fluid flow, and enhances heat transfer and transport efficiency[14]. Magnetic fields play a crucial role in various 
scientific and engineering applications. They have been extensively studied and applied in fields such as 
materials science, electronics, and medicine. While inclined magnetic fields have not been extensively studied 
in combination with hybrid nanofluids, the field of magneto rheology is closely related. Magnetorheological 
fluids (MRFs) are smart fluids that can change rheological properties rapidly due to a magnetic field. These 
fluids consist of magnetic particles suspended in a carrier fluid, allowing control over flow behavior and 
viscosity by varying the field strength and orientation. These are just a few examples of how magnetic fields 
and different geometrical shapes intersect to create various practical applications across multiple industries. 
The specific geometries are often designed and optimized to achieve the desired performance characteristics 
for each application[15–23]. Hybrid nanofluids study slip effects through experimental and computational 
investigations. Computational fluid dynamics (CFD) simulations model fluid flow and heat transfer, while 
experimental techniques like atomic force microscopy and nanoscale thermometry measure slip effects near 
solid surfaces. Understanding slip effects in hybrid nanofluids is essential for optimizing their heat transfer 
performance and designing efficient thermal systems with potential applications in various engineering fields. 
Some of the following researchers continue to explore this area to harness the full potential of hybrid nanofluids 
for practical applications[24–26]. Analyzing the Joule heating effect on thin needles in MHD Sakiadis flow using 
fluid mechanics, electromagnetics, and heat transfer theories[27]. Researchers analyzed MHD boundary layer 
flows with variable temperature in applications like plasma dynamics, aerospace engineering, and geophysics, 
enhancing heat transfer, thermal system design, and flow prediction[28]. The study investigated nanofluid flow, 
heat transfer, and melting behavior in MHD and porous media, impacting engineering and industrial 
applications like cooling systems, energy conversion, and material processing[29]. 

The paper aims to study how slip flow conditions around an inclined needle are affected by the presence 
of an inclined magnetic field and joule heating. The interactions of these factors could lead to changes in flow 
patterns, temperature distribution, and other fluid dynamic behaviors. One of the primary motivations for using 
nanofluids is their potential for enhancing thermal conductivity. Research findings might quantify the degree 
of enhancement achieved due to the inclusion of nanoparticles and the subsequent impact on heat transfer 
efficiency. Thermal convection refers to the process of heat transmission in fluids due to the combined effect 
of buoyancy and fluid motion. The application of a Lorentz force can influence fluid stream and heat 
transmission processes through magnetohydrodynamics (MHD). Joule heating is the heat generated by an 
electric current in a conducting material, such as an inclined needle, that affects temperature distribution and 
fluid flow patterns. These effects are of particular interest in various fields such as energy conversion, 
microfluidics, heat transfer, and magnetic nanoparticle-based therapies, where hybrid nanofluids are used to 
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enhance heat transfer and control fluid behavior. Researchers continue to investigate and explore the potential 
applications and benefits of inclined magnetic fields and joule heating effects in such systems. 

2. Problem formulation 
The acquaintance of contemporary applications is computed underneath: 

 The flow is consistent, linear motion, and 2D axisymmetric, which simplifies the flow analysis by 
reducing the problem to two dimensions. 

 The fluid was composed of 𝐻ଶ𝑂 +  𝐶ଶ𝐻଺𝑂ଶ (50 − 50) +  𝐴𝑙ଶ𝑂ଷ +  𝐹𝑒ଷ𝑂ସ. 

 The magnetic field intensity applied normally towards the needle is decided by  𝐵 = 𝐵(𝑥) =
஻బ

√௫
. 

𝑇ஶ 𝑎𝑛𝑑 𝑇௪ were chosen to represent ambient, surface temperatures.  

 The needle passages in the similar or conflicting way as the constant velocity 𝑈௪  normal with free 

continual velocity 𝑈ஶ and the flow pattern is shown in Figure 1. 

 
Figure 1. Stream outline of contemporary problem. 

These conventions allow for the specification of flow controlling equations as (Sajja et al.[14]): 

Continuity equation: 

𝑟(𝑢)௫ + 𝑟(𝑣)௥ = 0 (1) 

Momentum equation: 

𝑢𝑢௫ + 𝑣𝑢௥ =
𝜇௛௡௙

𝜌௛௡௙
൬

1

𝑟
൰ (𝑟𝑢௥)௥ − 𝑢

𝜎𝐵ଶ

𝜌௛௡௙
𝑠𝑖𝑛ଶ𝛼 +

𝑔(𝜌𝛽)௛௡௙(𝑇 − 𝑇ஶ)

𝜌௛௡௙
  𝑠𝑖𝑛𝛺 (2) 

Energy equation: 

(𝜌𝐶௣)௛௡௙(𝑢𝑇௫ + 𝑣𝑇௥) = 𝑘௛௡௙ ൬
1

𝑟
൰ (𝑟𝑇௥)௥ + 𝜎𝐵ଶ𝑢ଶ (3) 

With the boundary conditions, Ganesh et al.[8]: 

𝑢 = 𝑈௪ + Γଵ ൬
ఓ೓೙೑

ఘ೓೙೑
൰

డ௨

డ௥
  , 𝑣 = 0, 𝑇 = 𝑇௪ + Γଶ

డ்

డ௥
𝑎𝑡𝑟 = 𝑅(𝑥)

𝑢 →  𝑢ஶ, 𝑇 → 𝑇ஶ 𝑎𝑠       𝑟 → ∞
ቑ (4) 

The hybrid nanofluid is strategized different volumetric solid fractions (𝜙ଵ , 𝜙ଶ) such as AlଶOଷ − (0.5%) 

and FeଷOସ − (1.5%). 

The hybrid nanofluid properties are considered by (Sajja et al.[14]): 

𝜌௛௡௙ = ൛(1 − 𝜙ଶ)ൣ(1 − 𝜙ଵ)𝜌௙ + 𝜙ଵ𝜌௦భ
൧ൟ + 𝜙ଶ𝜌௦మ

 (5) 
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𝜇௛௡௙ =
𝜇௙

(1 − 𝜙ଵ)ଶ.ହ(1 − 𝜙ଶ)ଶ.ହ
 (6) 

𝑘௛௡௙ =
𝑘௦మ

+ 2𝑘௡௙ − 2𝜙ଶ൫𝑘௡௙ − 𝑘௦మ
൯

𝑘௦మ
+ 2𝑘௡௙ + 𝜙ଶ൫𝑘௡௙ − 𝑘௦మ

൯
× 𝑘௡௙ (7) 

𝑘௡௙ =
𝑘௦భ

+ 2𝑘௙ − 2𝜙ଵ൫𝑘௙ − 𝑘௦భ
൯

𝑘௦భ
+ 2𝑘௙ + 𝜙ଵ൫𝑘௙ − 𝑘௦భ

൯
× 𝑘௙ (8) 

൫𝜌𝐶௣൯
௛௡௙

= ൛(1 − 𝜙ଶ)ൣ(1 − 𝜙ଵ)(𝜌𝐶௣)௙ + 𝜙ଵ(𝜌𝐶௣)௦భ
൧ൟ + 𝜙ଶ(𝜌𝐶௣)௦మ

 (9) 

(𝜌𝛽)௛௡௙ = ൛(1 − 𝜙ଶ)ൣ(1 − 𝜙ଵ)(𝜌𝛽)௙ + 𝜙ଵ(𝜌𝛽)௦భ
൧ൟ + 𝜙ଶ(𝜌𝛽)௦మ

 (10) 

2.1. Solution to the problem 

Along with variables such as, (Sajja et al.[14]) 

𝜂 =
௎௥మ

ఔ௫
 , 𝜓 = 𝜈𝑥𝑓(𝜂), 𝑢 =

ଵ

௥
ቀ

డట

డ௥
ቁ

𝑣 = −
ଵ

௥
ቀ

డట

డ௫
ቁ , 𝑇 = 𝑇ஶ + (𝑇௪ − 𝑇ஶ)𝜃(𝜂)

ቑ (11) 

we can get 𝑅(𝑥) =  ቀ
ఔௗ௫

௎
ቁ

భ

మ where 𝑈 = 𝑈௪ + 𝑈ஶ ≠ 0 is the governing equations is satisfied by reinforced 

acceleration and transforms ((2) to (3)) as: 

2𝐽ଵ𝐽ଶ

𝐽ସ
൫𝜂𝐹ᇱᇱᇱ + 𝐹´´൯ −

1

2𝐽ଶ
𝑀𝐹´𝑠𝑖𝑛ଶ𝛼 + 𝜆𝐽ହ(𝑠𝑖𝑛𝛺)𝜃 = 0 (12) 

2𝐽ଷ𝐽ଷଵ

𝐽ସ

(𝜂𝜃ᇱᇱ + 𝜃ᇱ) + 𝐹𝜃ᇱ = 0 (13) 

and changes the circumstances in (4) as, 

𝐹ᇱ(𝑑) =
ఋ

ଶ
+

ଶఊభ√ௗ

௃భ௃మ
 , 𝐹(𝑑) = 𝑑 ቀ

ఋ

ଶ
+

ଶఊభ√ௗ

௃భ௃మ
ቁ , 𝜃(𝜂) = 1 + 𝛾ଶ𝜃ᇱ(𝜂)

𝐹ᇱ(∞) →
ଵିఋ

ଶ
 , 𝜃(∞) → 0   

ൢ (14) 

The hybrid nanofluid properties are considered by (Sajja et al.[14]): 

𝐽ଵ = (1 − 𝜙ଵ)ଶ.ହ(1 − 𝜙ଶ)ଶ.ହ (15) 

𝐽ଶ = ቊ(1 − 𝜙ଶ) ቈ(1 − 𝜙ଵ) + 𝜙ଵ

𝜌௦ଵ

𝜌௙
቉ቋ + 𝜙ଶ

𝜌௦ଶ

𝜌௙
 (16) 

𝐽ଷଵ =
𝑘௦ଵ + 2𝑘௙ − 2𝜙ଵ൫𝑘௙ − 𝑘௦ଵ൯

𝑘௦ଵ + 2𝑘௙ + 𝜙ଵ൫𝑘௙ − 𝑘௦ଵ൯
 (17) 

𝐽ଷ =
𝑘௦ଶ + 2𝐽ଷଵ𝑘௙ − 2𝜙ଶ൫𝐽ଷଵ𝑘௙ − 𝑘௦ଶ൯

𝑘௦ଶ + 2𝐽ଷଵ𝑘௙ + 𝜙ଶ൫𝐽ଷଵ𝑘௙ − 𝑘௦ଶ൯
 (18) 

𝐽ସ = (1 − 𝜙ଶ) ቈ(1 − 𝜙ଵ) + 𝜙ଵ

(𝜌𝐶௣)௦ଵ

(𝜌𝐶௣)௙
቉ + 𝜙ଶ

(𝜌𝐶௣)௦ଵ

(𝜌𝐶௣)௙
 (19) 

𝐽ହ = (1 − 𝜙ଶ) ቈ(1 − 𝜙ଵ) + 𝜙ଵ

(𝜌𝛽)௦ଵ

(𝜌𝛽)௙
቉ + 𝜙ଶ

(𝜌𝛽)௦ଶ

(𝜌𝛽)௙
 (20) 
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2.2. Nusselt number and skin friction 

Another important external of the contemporary examination is the Nusselt number, Skin friction which 
is prearranged by (Sajja et al.[14]):  

𝑁௨௫ =
𝑥𝑞௪

𝑘௙൫(𝑇௪ − 𝑇ஶ)൯
ቤ

௥ୀோ(௫)

 (21) 

𝐶௙௫ =
𝜏௪

ଵ

ଶ
𝜌𝑈ଶ

ቮ

௥ୀோ(௫)

 (22) 

where 𝑞௪ = −𝑘௛௡௙
డ்

డ௥
(wall heat flux), 𝜏௪ =  𝜇௛௡

డ௨

డ௥
 (wall shear stress). 

The following terms from (21) and (22) are described in non-dimensional form: 

(𝑅𝑒௫)ି
భ

మ𝑁௨௫ =  −𝐽ଷ𝐽ଷଵ2√𝑑𝜃ᇱ(𝑑) (23) 

(𝑅𝑒௫)ି
భ

మ𝐶௙௫ =  
8𝐹′′(𝜂)√𝑑

𝐽ଵ
 (24) 

where 𝑅𝑒௫ =
௎௅

ఔ
 (Reynolds number). 

3. Physical explanation 
To analyze this research, we need to resolve the governing equivalences for mass, velocity, and thermal 

conservation. These equations are typically solved using numerical techniques such as Runge-Kutta fourth 
order. The governing equations for this problem can be expressed in non-dimensional form using suitable 
dimensionless variables such as Reynolds variables, Eckert numbers, Prandtl quantities, and inclined magnetic. 
The transmuted nonlinear differential Equations (1)–(3), and moreover, the boundary restriction (12)–(14), are 
numerically resolved using the bvp4c solver. 

 
Figure 2. Flow chart for the numerical scheme. 

Figure 2 explains the flow chart for the numerical scheme. Figures 3–12 depict the appearances and 
structures of various pertinent variables appearing in the problematic profiles of hybrid nanofluid momentum 

and thermal profile. The values that appear in the problem through computation are fixed as 𝜙ଵ = 0.005, 𝜙ଶ =

0.015, 𝑑 = 1, 𝐸𝑐 = 0.5, 𝑃𝑟 = 29.45, 𝑀 = 3, 𝛿 = 1, v1 = t1 = 1.5. Table 1 demonstrates the importance of 
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magnetic and nonmagnetic nanoparticle thermophysical properties, as well as hybrid nanofluid thermal 
properties. Table 2 displays heat transfer rate and surface drag force values. Table 3 compares our results to 
available outcomes in order to validate our problem with other research and discover its remarkable similarity. 

Table 1. Thermophysical characteristics attributes of solid volume fractions of nanoparticles and base fluid Ethylene glycol and 
water (50:50) (T = 300 K) (Iqbal et al.[6] and Ganesh et al.[8]). 

- Specific heat 
capacity 

Density Thermal 
conductivity 

Thermal expansion 
coefficient 

Prandtl 
number 

Ethylene glycol and water (50:50) 3288 1056 0.425 0.00341 29.45 

Aluminium oxide  765 3970 40 0.85 - 

Ferrous oxide  670 5180 9.7 1.3 - 

Table 2. Difference of M, 𝜙ଵ, 𝜙ଶ, Pr, 𝛼 on Nux and Cfx. 

M 𝒅 𝝓𝟏 𝝓𝟐 Pr 𝜶 𝝀 Ec 𝑵𝒖𝒙 𝑪𝒇𝒙 

1 1 0.005 0.015 29.45 45° 0.5 0.5 1.3417 –90.0234 

2        1.2959 –91.8920 

3        1.2515 –93.7035 

3 1 0.005 0.015 29.45 45° 0.5 0.5 1.2515 –93.7035 

 2       1.1519 –52.8420 

 3       1.0855 –39.3889 

3 1 0.005 0.015 29.45 45° 0.5 0.5 1.2515 –93.7035 

  0.010      1.2672 –94.8351 

  0.015      1.2829 –96.0030 

3 1 0.015 0.005 29.45 45° 0.5 0.5 1.2515 –93.7035 

   0.010     1.2666 –94.4641 

   0.015     1.2817 –95.2658 

3 1 0.005 0.015 1 45° 0.5 0.5 –0.9494 –92.4340 

    2    –0.1402 –93.0970 

    3    0.2493 –93.3338 

3 1 0.005 0.015 29.45 0° 0.5 0.5 1.2515 –93.7035 

     45°   1.2515 –93.7035 

     90°   1.2515 –93.7035 

3 1 0.005 0.015 29.45 45° 0.5 0.5 1.2515 –93.7035 

      1.5  1.2515 –93.6478 

      2.5  1.2515 –93.5920 

3 1 0.005 0.015 29.45 45° 0.5 0.5 1.2515 –93.7035 

       1.5 0.9761 –93.6487 

       2.5 0.7005 –93.5939 

Table 3. Assertion of present rankings when volumetric solid fractions (𝜙ଵ, 𝜙ଶ) and the velocity ratio parameter 𝛿 are zero. 

 (Sajja et al.[14]) Present outcomes 

𝒅 𝑭´´(𝒅) −𝜽´(𝒅) 𝑭´´(𝒅) −𝜽´(𝒅) 

0.1 1.289074 2.441675 1.287564 2.438536 

0.01 8.492173 16.306544 8.490543 16.282928 

0.001 62.161171 120.55034 62.148128 120.254769 
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4. Review and discussion of the results 
In regard to physical behaviour and attitude, explanations in Figures 3–12 have been drawn for EG-Water 

(50:50) + 𝐴𝑙ଶ𝑂ଷ +𝐹𝑒ଷ𝑂ସ, to demonstrate the impression of numerous parameters on velocity and thermal 
profile. The Nusselt number and skin friction factors are calculated, and the numerical values with respect to 
various parameters are displayed in Table 2. 

4.1. Analysis velocity profile 

Figure 3 explains, increase in the magnetic parameter (M) and inclination (Ω) causes stronger magnetic 
field interaction with current, generating Lorentz force and gravitational force, opposing needle motion. 
Consequently, the velocity profile of the needle decreases due to the combined effect of these forces.  

As a result of the Joule heating effect, increasing the needle size (𝑑) and angle of inclination (Ω) both 
contribute to an increase in the velocity profile of an inclined needle with the Joule effect. The larger needle 
size leads to higher resistance and increased heat generation, while a steeper angle of inclination enhances the 
gravitational force component, resulting in more significant pressure gradients and accelerated flow rates, as 
explained in Figure 4. 

 
Figure 3. The impacts of 𝑀 = 1, 2, 3 on 𝐹′(𝜂). 

 
Figure 4. The impacts of 𝑑 = 0.5, 1, 1.5 on 𝐹′(𝜂). 

Figure 5 explains that when the velocity, thermal slip parameter, (𝑣ଵ = 𝑡ଵ), and angle (Ω) increase, the 
velocity profile in the inclined needle increases. The fluid flows more rapidly due to higher velocities, 
improved thermal exchange, and enhanced gravitational force. Consequently, the velocity gradient across the 
cross-section of the needle increases, leading to an increased velocity profile. 

As shown in Figure 6, when the ratio of inlet to outlet velocities (𝛿) increases, the velocity profile 

becomes flatter and more uniform across the cross-section of the needle. When the angle of inclination (Ω = 
0°, 45°, 90°) increases, the velocity profile also increases as the gravitational force enhances the fluid flow. 
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The combination of these two effects leads to a greater increase in the velocity profile of the inclined needle 
with the joule heating effect. 

 
Figure 5. The impacts of 𝑣ଵ = 𝑡ଵ = 1.5, 2.5, 3.5 on 𝐹ᇱ(𝜂). 

 
Figure 6. The impacts of 𝛿 = 1, 2, 3 on 𝐹′(𝜂). 

Both the mixed convection parameter (𝜆) and the angle of inclination (Ω) influence on the velocity 
profile of an inclined needle with the Joule effect are shown in Figure 7. Higher values of the mixed convection 
parameter and steeper inclinations tend to enhance fluid motion and increase velocities. Additionally, the Joule 
effect, by introducing temperature gradients and associated buoyancy forces, contributes to the amplified 
velocity profile as shown in Figure 7. 

 
Figure 7. The impacts of 𝜆 = 0.5, 1.5, 2.5 on 𝐹ᇱ(𝜂). 
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4.2. Analysis thermal profile 

Figure 8 explains that as magnetic parameters (M) and angle (Ω) increase, current flow and resistance 
increase within the conductor, causing higher joule heating and an inclined needle temperature rise. The 
temperature profile increases because more heat is generated due to the increased Joule effect caused by the 
stronger magnetic field and steeper inclined needle. 

Considering the combinations of needle sizes (d) and angles (Ω), the temperature profile would generally 
increase with both the needle size and the angle. The highest temperature profile would be observed with the 
combination of the smallest needle size and the largest angle. This combination results in the highest current 
density and, consequently, the highest joule heating effect, leading to an increased temperature profile along 
the inclined needle as exposed in Figure 9. 

 
Figure 8. The impact of M = 1, 2, 3 on 𝜃ᇱ(𝜂). 

 
Figure 9. The impact of d = 0.5, 1, 1.5 on 𝜃ᇱ(𝜂). 

Figure 10 explains that when all these parameters (velocity, thermal slip parameter, and angle) (𝑣ଵ = 𝑡ଵ), 
and (Ω) increase, the temperature profile along the inclined needle will generally increase. These factors 
enhance the rate of heat transfer and the available surface area for energy exchange, leading to a higher 
temperature distribution along the surface of the needle. 

The increased velocity ratio parameter (𝛿) and angle (Ω) contribute to improved convective heat transfer, 
effectively reducing the temperature gradients along the inclined needle’s length. Increasing these parameters 
enhances the convective heat transfer, resulting in a higher temperature profile along the length of the inclined 
needle with the Joule heating effect, as explained in Figure 11. 
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Figure 10. The impact of v1 = t1 = 1.5, 2.5, 3.5 on 𝜃ᇱ(𝜂). 

 
Figure 11. The impacts of 𝛿 = 1, 2, 3 on 𝜃ᇱ(𝜂). 

Figure 12 explains that an increase in the Eckert number (𝐸𝑐) and angle of inclination (Ω) leads to a 
higher temperature profile in the inclined needle with the Joule effect. A higher Eckert number means more 
kinetic energy relative to enthalpy, resulting in a steeper temperature rise near the needle’s surface. Meanwhile, 
a larger angle of inclination provides a larger surface area for heat transfer, leading to a faster temperature rise 
along the needle’s surface. 

 
Figure 12. The impacts of 𝐸𝑐 = 0.5, 1.5, 2.5 on 𝜃ᇱ(𝜂). 

5. Conclusion 
The article investigated the specific problem of fluid flow around a thin needle that is in motion, 

considering laminar flow, incompressible fluid behavior, and slip effects related to both velocity and 
temperature. A summary of the analysis is presented in the sections that follows: 

 This research optimizes the system for specific applications. This could involve finding the optimal 
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nanoparticle concentration, magnetic field strength, and inclination angle to achieve the desired heat 
transfer rates.  

 The presence of nanoparticles in the fluid, along with the application of a magnetic field, leads to 
enhanced heat transfer rates. This effect is particularly pronounced when considering an inclined needle 
geometry.  

 The convective heat transfer coefficient is significantly improved compared to traditional fluids, making 
hybrid nanofluids promising for various heat transfer applications. 

 These results demonstrate that the velocity and thermal profiles of an inclined needle with joule heating 
effect are influenced by various physical parameters, such as magnetic field strength, angle of inclination, 
slip conditions, and needle size. 

 This has important implications for designing and optimizing nanofluid-based drug delivery systems that 
can target specific tissues or organs in a controlled manner. 
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Abbreviations 

Nomenclature 

B = magnetic field intensity, kgs–2a–1 

Cf = skin friction coefficient 
Cp = specific heat, jkg–1k–1 

K = thermal conductivity, wm–1k–1 

M = magnetic parameter 
Nux = local Nusselt number 
Pr = prandtl number 
q୵ = surface heat flux, wm–2 

Re = local Reynolds number 
Ec = Eckert number 
Grx = Grashof number 
𝑅(𝑥) = equivalence of the surface of a thin needle 
F = Dimensionless fluid velocity 
𝑇 = temperature of fluid 
𝑇௪ = ambient thermal 
𝑇ஶ = surface thermal 
U = reference velocity, ms–1 

𝑈௪ = constant velocity 
𝑈ஶ = free stream momentum 
𝑢 = momentum factor in the x way 
𝑥 , 𝑟 = cylindrical directs 

Greek letters 

𝛼 = angle 

𝜂 = the magnitude of the needle (𝜂 = d) 
𝜙ଵ, 𝜙ଶ = nanoparticles of volume fraction 
𝜇 = dynamic viscosity, kgm–1s–1 

𝜐 = kinematic viscosity, m2s–1 

𝜎 = electrical conductivity, sm–1 

𝜌 = density, kgm–3 
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𝜃 = dimensionless fluid temperature 
𝜆 = Mixed convection parameter 
𝛿 = velocity ratio parameter 
𝜓 = dimensionless stream function 
τ୵ = wall shear stress, nm–2 

Γଵ = velocity slip factor 
Γଶ = thermal slip factor 
𝛾ଵ = velocity slip coefficient 
𝛾ଶ = thermal slip coefficient 

Subscripts 

hnf = hybrid nanofluid 
nf = nanofluid 
f = fluid 
s = solid 
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