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ABSTRACT

There are several methods in the literature to find the fuzzy optimal solution of fully fuzzy linear programming

(FFLP) problems. However, in all these methods, it is assumed that the product of two trapezoidal (triangular) fuzzy
numbers will also be a trapezoidal (triangular) fuzzy number. Fan er al. (“Generalized fuzzy linear programming for
decision making under uncertainty: Feasibility of fuzzy solutions and solving approach”, Information Sciences, Vol. 241,
pp- 1227, 2013) proposed a method for finding the fuzzy optimal solution of FFLP problems without considering this
assumption. In this paper, it is shown that the method proposed by Fan et al. (2013) suffer from errors and to overcome
these errors, a new method (named as Mehar method) is proposed for solving FFLP problems by modifying the method
proposed by Fan et al. (2013) . To illustrate the proposed method, some numerical problems are solved.
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1. Introduction

Linear programming is one of the most successively applied operation research techniques. Any linear program-
ming model, representing real world situations, involves a lot of parameters whose values are assigned by experts.
However, both experts and decision maker frequently do not precisely know the value of those parameters. Therefore, it
is useful to consider the knowledge of experts about the parameters as fuzzy data'®’.

The linear programming problems in which all the parameters as well as the variables are represented by fuzzy
numbers is known as FFLP problems. FFLP problems can be divided into two categories: (1) FFLP problems with ine-
quality constraints (2) FFLP problems with equality constraints.

Dehghan ez al." proposed an approach for finding the exact solution of fully fuzzy linear system of equations.
Lotfi et al.”® proposed a method to obtain the approximate solution of FFLP problems with equality constraints. Kumar
et al.”! proposed a method to find the exact fuzzy optimal solution of FFLP problems with equality constraints having
non-negative fuzzy variables and unrestricted fuzzy coefficients. Kaur and Kumar proposed a method to find the exact
fuzzy optimal solution of fully fuzzy linear programming problems with equality constraints having unrestricted fuzzy
variables. Ezzati er al."” proposed an algorithm to solve a FFLP by converting it to its equivalent multi-objective linear
programming problem. Fan er al.”! pointed out that there is no method in the literature to find the fuzzy optimal solution
of fully fuzzy linear programming problems with inequality constraints having unrestricted fuzzy co-efficient and pro-
posed a method to find the non-negative fuzzy optimal solution of the same.

(23781 ox cept the existing method'™, are proposed by assuming that product of two trape-

All the existing methods
zoidal (triangular) fuzzy numbers is also a trapezoidal (triangular) fuzzy number.

In this paper, the shortcomings of the existing method"™ are pointed out and a new method (named as Mehar
method) is proposed to find the non-negative fuzzy optimal solution of fully fuzzy linear programming problems with

inequality constraints having unrestricted fuzzy co-efficient. Also, it is shown that using the proposed Mehar method, all
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the shortcomings occurring due to using the existing method"' are resolved.
2. Fan et al. method

Fan er al.”’ proposed the following method to find the fuzzy optimal solution of fully fuzzy linear programming
problem (P1):
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Maximize (or Minimize) (Z‘%’%“L Z (—(%0))?}0}
J=1 Jj=p+1
Subject to (PD

p n
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j=1

Jj=p+1
o, o, Yoare non-negative triangular fuzzy numbers.
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Step 1: Replacing all the fuzzy parameters 7/, "/, Y and ﬁ’ of the problem (P1) by the & - cuts

':(cj)Z]’(Cj)Zl]’ [(xj)Z’,(x,-)Z’], [(aij)?,(aij)z”] - [(bi)?,(b,«):[]
[(xi)Z’ (%) ] 2[(9@)2”4 ()

respectively, obtained correspond-

. a=«a . ]
ing to ') and using the property of every two & - cuts of a fuzzy

number obtained corresponding to A=A gng % respectively, where o < aH, the problem (P1) can be
transformed into problem (P2).
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Step 2: Using the property [ ] [ ] , the problem (P2) can be transformed into problem (P3).
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Step 3: Using the arithmetic operation,
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in the objective function and the arithmetic operation
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in the constraints of the problem (P3), it can be transformed into problem (P4).
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Step 4: Using the arithmetic operation Z[ ] [z Z ] the problem (P4) can be transformed into problem
(PS).
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Step 5: Using the arithmetic operation [a,b]+[c,d] - [a+c,b+d]’ the problem (PS5) can be transformed into
problem (P6).
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the
problem (P6) can be transformed into problem (P7).
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Step 7: Using the property <i<» I<i<n Isi<n } , problem (P7) can be transformed into problem (P8).
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Step 8: The problem (P8) can be transformed into multi-objective linear programming problem (P9).
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Step 9: The problem (P9) can be transformed into problem (P10) and problem (P11).
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Step 10: Since, the term /=7*! , present in the objective function of problem (P10), is independent from
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its feasible solution { 77} and the term /=p*!

, present in the objective function of problem (P11),

%
is independent from its feasible solution { Joa } So, the optimal solution of problem (P10) and problem (P11)
can be obtained by the equivalent problems (P12) and (P13) respectively.
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Step 11: Choose x=a 1, and find the optimal solution { 770} of problem (P12) without considering the
)T = (x) | e . o
constraint ~ / as well as the optimal solution of problem (P13) without considering the
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Step 13: Using the optimal solution, obtained in Step 11 and Step 12, the optimal solution of problem (P2) correspond-

[ (e ]

ing to % s .
Step 14: Using the optimal solution of problem (P2), obtained in Step 13 under different & -cut levels, and regression
analysis, find the fuzzy optimal solution of problem (P1).

3. Shortcomings of Fan ef al. method

It is not genuine to use existing method"! for finding the solution of problem (P1) due to following reason:
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the same multiplication in the objective function to convert the problem (P3) into problem (P4). While, in the con-

straints the authors [3] have used the mathematically incorrect multiplication.
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Due to using the mathematically incorrect multiplication, the existing optimal solution [3, pp. 20] of interval val-

R ROAE

ued linear programming problems, shown in Table 1, obtained by the authors ', are not satisfying its constraints.
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2. Kumar and Kaur™

Table 1. Existing solutions of problem (P2) [3, pp. 20].

have shown that the general form of fully fuzzy linear programming problem is problem (P16),

obtained with the help of problem (P17), instead of problem (P14) obtained with the help of problem (P15). However,

in the existing method"™, problem (P14) is assumed as the general form of fully fuzzy linear programming problem.
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4. Proposed Mehar method

In this section, to resolve the shortcomings, pointed out in Section 3, of the existing method”!, a new method
(named as Mehar method) is proposed by modifying the existing method"™ to find the fuzzy optimal solution of problem
(P16).

The steps of the proposed Mehar method are as follows:
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Step 3: Using the arithmetic operation [Z Z :l , the problem (P19) can be transformed into problem
(P20).
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Step 4: Using the arithmetic operation , the problem (P20) can be transformed into

problem (P21).
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Maximize (or Minimize) (Z;”)

Maximize (or Minimize) (Z;’”)

Subject to
n )4
Z3 Y (e (e =D e (x),
j=p+l Jj=1
n P
AR CHACHAEDNCEIACHAE
Jj=p+l j=1
)4 n
Y (@) (x)" <=2 B)Y + D (a)" (x5 Vi (P24)
J=l j=p+1
P n .
Z(aij)Z, (x;), <=2 (b)), + Z (a,), (x;),'; Vi
j=1 j=p+1

(x,)3 < (x5 ()5 < (x)e (x;), 2 (x),"
(e (cy(ay)e () (x )@ (x))' Y j.e, €[0,1] are non-negative real numbers.
Step 8: The problem (P24) can be transformed into problem (P25) and problem (P26).

Maximize (or Minimize) (Zb"”)

Subject to
Z p
ZEDNCACHES NCHICH (25)
Jj=p+1 j=1
P . '
2o (a)y () <=2 (B + Y (ay)) (x); s Vi
= j=p+l

(x,)y = (x;),,(c;)y 5 (ay), (X)), ¥V j.a, € [0,1] are non-negative real numbers.

Maximize (or Minimize) (Z “’)

a

Subject to
n p
Z0+ Y (e (xy)e =Y (e)i(x)i (P26)
Jj=p+1 Jj=1

P n
Y (@) () <=2 BT+ Y. (a) (k)" ; Vi
j=1

j=p+l
(x,)3 < (x5 (et (@) (x,)3 VY ja, € [0,1] are non-negative real numbers.

o
j’b

Step 9: Choose X == 1, and find the optimal solution { } of problem (P25) without considering the con-

() > (x,)g

]

X.
and find the optimal solution { Joa } of problem (P26)
(x,)g < (x;)."

straint

without considering the constraint

11



o=a,, 0=, ..0,=ca,=0

Step 10: In sequence, put g in the problem (P25) and problem (P26), where,

I>a,>0,>...>a,= - =, =
& =& % 0 and to find the optimal solution of 2(¢-D problems by assuming %= 1.

Step 11: Using the optimal solution, obtained in Step 9 and Step 10, the optimal solution of problem (P18) correspond-
xX. o NE? U‘I:I
ing to & is I:( ’)“ ( ’)b .

Step 12: Using the optimal solution of problem (P18), obtained in Step 11 under different & -cut levels, and regression
analysis, find the fuzzy optimal solution of problem (P16).

5. Fuzzy optimal solution of some fully fuzzy linear programming problems
In this section, the fuzzy optimal solution of the existing problem" and the existing problem'®, are obtained by the
proposed Mehar method.

5.1 Fuzzy optimal solution of existing problem
Fan et al.”! solved the problem (P27) to illustrate their proposed method which is obtained by replacing the crisp pa-

rameters 1 3.¢,=3.a,=la,=15a,=1a,=-1h =5 and b,=3 of problem (P28) by the fuzzy
parameters. However, as discussed in Section 3, it is not genuine to use the existing form of fully fuzzy linear pro-
gramming problem (P27), obtained from problem (P28). So, in this section, instead of using the general form of fully
fuzzy linear programming problem (P27), obtained from problem (P28), the general form of fully fuzzy linear pro-
gramming problem (P29), obtained from crisp linear programming problem (P30), is solved by the proposed Mehar
method.

Maximize (7= (2.5,3,4) £p+(2,3,3.5) %)

Subject to
(0.5,1,1.4) %o+ (1,1.4,2) %< (4,5,7), (P27)
(0.5,1,1.5) £+ (—(0.5,1,1.5)) 8 < (2.2,3,4),
%o Fpare non-negative fuzzy numbers.

Maximize (Z =3x,+3x,)

Subject to
x,+1.5x, <5, (P28)
x,+(=Dx, <3,
x,%,20.

Maximize (ﬂj

Subject to
7= (2.5,3,4) %+(2,3,3.5) %,
(0.5,1,1.4) %o+ (1,1.4,2) %< (4,5,7), (P29)
(0.5,1,1.5) #<(2.2,3,4)+(0.5,1,1.5) £,
#g fpare non-negative fuzzy numbers.

Maximize (Z)

Subject to
Z =3x,+3x,,
x +1.5x, <5, (P30)
X, <3+x,,

x,%,20.

12



Step 1: Replacing all the fuzzy parameters ﬂ, %:(2'5’3’4),%:(2’3’3'5), %,%,(% 2(0'5’1’1.4),

b =(114.2) & =(05115) & =(05115) Bo=(457) | B=(2234) . roblemn

(P29) by their & - cuts [ZZI’Z:I], [2.5+0.5a1,4—a,]’ [2+0‘1’3'5_0'50‘/], [(x,)j’,(xl Zl]’

[ |, [0.5+0.50,1.4-04a],  [14+0.4a,2-0.60,], [05+05a,1.5-0.5q,],
[0.5+0.5¢,,1.5-0.5¢, ], [4+a,,7—2¢,] and [2.2+0.8¢;,4— ]
into problem (P31).

Maximize ([Zf’,Z}f"})

respectively, it can be transformed

Subject to
(22,20 | =[25+0.50;,4 - ] ()S (x5 |+ [2+@,3.5-0.50, ][ (x,) ()5 |, (P31)
[0.5+0.50,,1.4-0.4e, ][ (x)&, ()5 |+[14+0.4@,,2-0.60 ][ () (x5 | < [4+ .7 -24],
[0.5+0.50,,1.5-0.50, ][ ()2, (x)5' | <[22+0.80,4 -, ]+[0.5+0.5,,1.5-0.5¢, ][ (x,), (x,) |,
LG G | o[ i e L[ Gei ()i [ 2] () ()i |,

[, o) ]2 [0.0].[ (o) (x5 ]2 [0.0]: Ve, [0.1],

Step 2: Using the arithmetic operation,
[(POS@) (P @)s s i (S 20.(g,)¢ 20,

[(PI)Z(%)Z,(PJZ(%)Z]; if (p); <0,(gq); 20.
the problem (P31) can be transformed into problem (P32).
Maximize ([ZZ’ Z) })

[poz o @) (ai ] =

Subject to

(20,2 [=[(25+050,) (0) +(2+ @, ) ()2 (4=, ) ()5 +(3.5-0.50, ) (%) ],
[(0.5+0.5, ) ()2 +(1+ 040 ) (x,)¢, (14-04a, ) (x5 +(2-0.60,) (x,)f" | < [4+@,7-2a,], (P32)
[(0.5+0.50,) ()2, (15050, ) () <[ (2.2+0.8a, )+ (0.5+0.50, ) (x,)1" (4 -, )+ (1.5-0.50, ) () |,
| e | |2 )i G .

[ )y ] 2[0.0],[ () (xy); ] 2[0,0]; Ve €[0,1].
a, ]S[c,d]:aﬁc &b<d [a,b]:[c,d]:azc &b=d

()5 ()

Step 3: Using the properties [ and

[a,b]g[c,d]zaZc &b<d .
, the problem (P32) can be transformed into the problem (P33).

13



Maximize ([Z[’fl Z)! J)

Subject to
Z% =(25+0.50,) (x)" +(2+a,)(x,)",
70 = (4-a) (e +(35-05a )¢

(0.5+0.50,)(x)* +(1+0.4e, ) (x,)" < 4+a,
(1.4-0.4a,) (x) +(2-0.6¢, ) (x,)" < 7-2a,
(0.5+0.5a,)(x)* <(2.2+0.8¢,)+(0.5+0.5¢, ) (x,)",
(1.5-0.5a, ) (x)f <(4-a,)+(1.5-0.5¢,)(x,)2,

(x)g < (), (5)g (), (0)g < (), (%) < (), (%), 2 (x),",

() = (), ()& = 0,(x);" 2 0,(x,) 20,(x,);" 20; Ve, €[0,1].
min[a,.,b,] =[minai,mjnbi
Step 4: Using the property ~ 1<i<n Isisn = lsisn
[Maximize (Z:’ ),Maximize (Z,f‘ ! )}
Subject to
Z8 =(2.5+0.50, ) (x)2 +(2+a, ) (x,)2,
Z) =(4-a,)(x)y +(3.5-0.5¢, ) (x,);",
(0.5+0.5¢, ) (x) +(1+0.4a, ) (x,) < 4+,
(1.4-04a,)(x); +(2-0.60, ) (x,); < 7-2a,,
(0.5+0.5¢, ) (x)% <(2.2+0.8¢,)+(0.5+0.5¢, ) (x,)%,
(1.5-0.5¢, ) (x); <(4—¢,)+(1.5-0.5¢, ) (x,);",
()7 < (), ()7 < (), (x)g" < ()", (x)g! < ()5, ()3 = (%),

a a b

()5 2 (X)), (%) 2 0,(x); 20,(x,)0 20,(x,), 20; Va, € [O,l].

a

Step 5: The problem (P34) can be transformed into multi-objective linear programming problem (P35).

14
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Maximize (Z;” )
Maximize (Z;’ ! )
Subject to
Z8 =(2.5+0.50,) (x)% +(2+a, ) (x,)%,
Z) =(4-a,)(x); +(3.5-0.5¢,) (x,);",
(0.5+0.5¢, ) (x5 +(1+0.4e, ) (x,) < 4+a,
(1.4-0.4a,)(x)" +(2-0.6, ) (x,)% < 7—2a, (P35)
(0.5+0.5¢, ) (x) <(2.2+0.8a,)+(0.5+0.5¢, ) (x,)7,
(1.5-0.5¢, ) (x); <(4—¢,)+(1.5-0.5¢, ) (x,);",
(3 < (), (3 <(x5), () < () (5)g <(x), (%), 2 (x),",
() = (), ()5 2 0,(x,), 20,(x,) 20,(x,), 20; Ve, € [0,1].

Step 6: The problem (P35) can be transformed into the problems (P36) and (P37).
Maximize (ZZ" )

Subject to
z) :(4—al)(x1),‘f’ Jr(3.5—0.5051)(x2 o
(1.4—0.4a,)(x1 o +(2—O.6al)(x2)fj’ < 7-2¢,, (P36)

(1.5-0.5¢, ) (x)y <(4—¢,)+(1.5-0.5¢, ) (x,);",

()7 = (), (x5 = () (x)y 20,(x,); 20; Ve, €[0,1].

Maximize (Z;” )

Subject to

Z8 =(2.5+0.50,) (x)f +(2+a,) (%),

(0.5+0.5¢, ) (x)% +(1+0.4e, ) (x,) < 4+a,, (P37)
(0.5+0.5¢, ) ()2 <(2.2+0.8¢, ) +(0.5+0.5¢, ) (x,),

()8 < ()2, (1) < ()8, ()% 2 0,(x,)s >0; Ve, €[0,1].
HED

Step 7: The optimal solution
a > (78] > (7B {
() 2 (), (1) 2 (X)) and the optimal solution

()7 <O ()7 () o =ay =1

of problem (P36) without considering the constraint
. “'}
774 ) of problem (P37) without considering the

constraint is shown in Table 2.

| a's ‘ Linear Programming Problem Optimal Solution
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Maximize Z,

Subject to
Z, =3(x), +3(x,),
(), +1.4(x,), <5

(), <3+(x,), [ Gk (.05 | =[383.3.83]
1 1
| _ (x1>bl 20,(x,), 20 [ (0 (), ] =[0.83,0.83]
Maximize Z,
1 1
Subject to [(Z“ )opl ’(Z” )opr:| - [14’ 14]

Z, =3(x), +3(x,),
(xl)L +1.4(x2)L <5

(x, )L <3+ (xz):z

(xl)fl > 0,(x2)11 >0
o=a =1

Table 2. Solutions of problem (P36) and (P37) at
s

%
X,
Step 8: The optimal solution { } of problem (P36) and the optimal solution { Joa } of problem (P37) for

o =0,= 0.9 is shown in Table 3.

Table 3 Solutions of problem (P36) and problem (P37) at

@S | Linear Programming Problem Optimal Solution

a,=a,=09

Maximize Z;°

Subject to
Z) =3.1(x),” +3.05(x,),”
1.04(x,)y” +1.46(x,))" <5.2
1.05(x,),” <3.1+1.05(x,)y”
(xl )29 = (‘xlopr );7 ’ ('x2 )29 = ('xZo]n‘ )})
(x, )2'9 =0, (x, 2‘9 >0

0.9 Maximize 2°° Infeasible
aximize Z

Subject to
7% =2.95(x)" +2.9(x,)>°
0.95(x,)2% +1.36(x,)"” <4.9
0.95(x,)"’ <2.92+0.95(x,)"*
)y <), ()0 < ()

()2 >0,(x,)> >0

a

5.2 Fuzzy optimal solution of the existing problem
Kumar and Kaur'® solved the problem (P38) to illustrate their proposed method by assuming that product of two
triangular/trapezoidal fuzzy numbers will also be a triangular/trapezoidal fuzzy number. In this section, the exact fuzzy

optimal solution of the same problem is obtained by the proposed Mehar method.
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Maximize (fij
Subject to

(0,10,30,40)( G + % + £ ) +(10,20,30,40) (%, + o + 03 ) +(10,22,22,34) (¥4 + b5 + %)

+(8,10,14,16) (4 + % + %, ) = 72 (0,8,8,16) (% + 94 + 4 + %)
+(5,9,10,12) (£ + 5, + £ + 9 ) +(0,5,9,14) (% + o, + o + £, ),
£20.40(% + % + 95 ).

85 >0.20( % + Yo + %),

85 >0.50( % + % + 9 ),

£<0.20(% + % + ),

8, <0.40( 5+ + 25,

Hp <0.10( 8 + o + ),

(% + %, + o + ;) < (100,150,250,300),

(% + %5 + % + ) < (160,180,220,240),

(# + %, + % + ) <(50,100,200,250),

f%?é i=1,2,3,4; j =1,2,3 are non-negative trapezoidal fuzzy numbers.

(P38)

Step 1: Replacing all the fuzzy numbers of the problem (P38) by their a — cuts, it can be transformed into problem

(P39).
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Maximize ([ 2", 2" )

Subject to

[10¢,,40-10¢, ] ([(x”) O [+ ) et J+[ a2 i)t ])+ 104106, 40 =100, ([ () 0o )5 |
e 0o [+ a0 ()i ])+[10 41261, 34 =120 ([ e ) O )5t ]+ G, Gt [+ () )i )
(842,162 ]([ ey )2 e )5 [ e Gt ][ e )it ]) = 200 250 ]+ (8,16 =80 ([ 02 ()5 |
e ot +[ e Gy [ [ e )it ])+[5+ 41226 ]([ () o)t ]+ 06 0 ]
) G+ )i o) )+ 514 =50 ]([ )i ()it T+ G G )it T+ i) ()i ]

s g ),

0,555 2 040([ 05,0 065 ]+ )2 )it ]+ [ ) o)t ),

O G5 ]2 020([ 0 G )it J+[ e G ]+ G @05 ), (P39)

([ e J+[ Gt Gy [+ G Gy

(L I+ I+

[

[

[ G2 0,5 ]2 0.50([
[, ] £020([ () ()i
[

[

(

(

)

L) G ]+ [ @i ),
([ et J+[ et G ]+ Gt ey ),
<0.10([ (e Oy [+ [ ) Ot J+[ ()2 i) ),

[ G [+ s Gyt |+ [(xSl)a,(xS,)Z’]+[(x4])j’,(x4]),‘f’])S[1()()+50al,300—50a,],

[0 )y [ o) Gt ]+ G ) Ge )it [+ () (et ]) < [160+ 202,240 20a, ],

(X, )00 (xzz)bf 040

() s (x5 )b

([ G+ [ @ |+ e )it ]+ ) ) ]) £[50+50a;,250 504, ],
[ ooy |2 G @i L[ Gy ] 2[0,0]:i=1,2,3,4; j=1,2,3and o, €[0,1].

Step 2: Using the arithmetic operation,
[POS@) (s @)s s if ()% 20.(g,)5 20.

[ (os [@itas =4 0 o )
[ (PSP (@S s if (s <0.(g)% 20.
the problem (P39) can be transformed into problem (P40).
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Maximize ([Z,Z;" )

Subject to

[1004, ()2 0502 05 )+ (1041001 ){ Goy )5+ (e )2+ Crg)2 )+ (104126, ) (08, + 0, ) 2 ()2 )
(84201 ) (0, )2+ (e )5+ ()2 ), (40=10, ) (G )i+, + ()5 )+ (40 =10a, )y )5 +083,)5 + ()5 )
+(34 =120 ) (0x, )5 + G )y + Gy )it )+ (16=2 ) (e, )5+ Ce )y + ()i )} =[z;f +8az, (6,2 + () + (xS
05 )2 )+ (54 ) ()2 (6 )2 + G )+ ()2 )+ 5 ()2 () + (e )i + () ), 250 +(16-8a1 ) ()
0 )+ 05+ 0 )+ (12=20) (G )+, + 0+ 0 )+ (145 ) (065 + )i + )i + ()i ),
[0 06,5 ]2 0.40[ 06, )%+ 0 ) + G )2 05 )5+ ()i + (g |,

[0 ey )5 2 0.20] (o )i+ (e )2+ (o) ey )5+ ()i + ()i s

[ENARESK ] SO[ ey )2+ 0)2 0 ) ()5 ()i + ()5 ] (P40)

[ G0 065 ] €0.20] () + (5,)E + ()05 + (5,5 + )5 s

[, ] A0[ oy )1+ (6, )+ (), Oy )+ (i) + () |,

[ J<o.10]

[

[

[

OOOO

(3)g' s (03D}’ () + (e + Gy )t () )y + (O )y + (), ]

(06 )+ () + ()2 + (82, 0+ (6 )i + () +(x4l)Z‘]S[lOO+50a,,300—50a1],

(6,) % 4 ()2 + () + () (5, (0, )5+ (e )i+ (,, ;"]s[160+20a,,240—20a1],

()7 A+ ()% + ()% 4 ()2, () + () + (g )+ (g Z’]£[50+50al,250—50a1],

LG Gy [ ey L[ @@y ]2[0.0]:i=1,2.3,4 5 j=1,2.3 and o, €[0,1].

=a<c &b<d [a,b]z[c,d]:a:c &b=d

Step 3: Using the properties [a’b] < [C,d]
[a.b]c[c.d]|=>a>c &b<d

and

, the problem (P40) can be transformed into problem (P41).

Maximize ([Zf’,Z,f’])

Subject to

100, (6,02 +(6)2 + (5% ) +(10+108, ) (G5 + (0% + () )+ (1041201 ) (e ) + (e )2+ () )
(820 ) (x5 + (o) + (o) ) =22 +8at, (0,5 + Gy )+ (3 )5+ ()5 )+ (5 + 4t ) ()5 + ()"
)2+ ()i )5 () + ()2 + () + ()2 ),
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(40—10a, ) (0, )5 + 0 )5 + ()i )+ (40108 ) (€, )+ )i + (e )i )+ (34 =126 )Gy )y + 0 )i + () )
+(16=20, ) (e, )5 + () + ()it ) = 257+ (16801 ) ()5 + (o) + ey )y + ) )+ (12262 ) ()5 +()5
0 )+ (e )i )+ (14 =5, ) ()5 + Ce )i + (e )y + ()i ),
(0,2 2 0.40( 06, )2 +05)2 + ()2 ),
()5 2 0.40((x, )y + ()5 +(x); ),
()2 2 0.20( ()% + (1) + (1)),
()5 2 0.20( (x5 + (ey)y! + ()5 ),
()% 2 0.50( 06y )2 + ()% + ()5 )
(e )5 2 0.50( (e )j + () + () )
(5,06 <0.20( (5,2 + (5 + ()1 ), (P41)
()5 02005, )¢+ ) +05, )50 ),
()2 < 0.40( ()% + ()% + 01,2 ),
()57 < 0A40( (e )y + 010+ ()51 ),
() < 0.10(xy) + () + () ),
()5 < 0.00( ey )y + 0 )i + ()i )
@)% +(5,)" + ()% +(x,)% <100+50e,
() 400, + (), +(xy,), £300-50a,,
()% + ()" + () +(x,) <160+20ax,,
()% (0, +(33,) +(x,,) % <240-200,
()0 +(,3) 5 + ()5 + (x,5)" <50+ 500,
()2 + () + () + (1) <250-50a,,
()5 <), (06)3 < ()50, 2 () (), 205i=1,2,3,4; j=1,2,3 and ¢, E[O,l].

min|a,,b,|= [mma minb,

Step 4: Using the property ~ <i<n Isisn = 1<i<n j| , problem (P41) can be transformed into problem (P42).

| Maximize ("), Maximize (2" ) |

Subject to

100 (0,2 + 062+ ()5 )+ (10410, ) (0,02 + (e )%+ (i) )+ (10+1261 ) (0 )2 + (o) +(x,) )
(8420 ) (0 )2 + G )i+ G )i ) =25 +80t, (6, )6+ Gy )+ 0 )2+ Gy )i )+ (S 4ty ) ()5 + ()

0 ) ()5 )5 ()5 + Gty )i+ Crg )i + () ),

(40=10az, ) ()5 + G5t + G )i )+ (40 =108, ) (Gey )i+ ) + (o)t )+ (34 =120 ) (G )5 + ()i + ()i )
(16 =20, ) (0 )5 + G )i+ Cr)y’ ) = Z57 + (1680, ) (5,057 + (e )f + (e )i + G ) +(12 =20 ) ()5 +0x)5!
)y + () )+ (14 =50, ) (0)f + (e )y + ()i + ()5 ),
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(0,02 2 0.40( (3, )2+ (6,)5 +() ).
(), 2 0.40((x,)y" +(x,)," +(x5);) )’
(6% 2 0.20( ()% + () + ()"

(xX3); 2 0.20( (x,))," +(x5)," + (X))

(5,4 >0.50

()% <0.20 (P42)

(
(
( )
( )
()5 2 0.50( ()2 + (e )5 + () ),
(Cry g+ Ce)i? + ey,
(e + o) + ()% ),
()5 <0.20( (5,5 + ()5 + ()5 ).
(6)5 < 0.40( (5,2 + ()% + (59 ),

()5 < 0.40 (06 )5 + 0y + ()5 ).

() < 0.10( () + ()2 + ()2 ),

()5 <0.10( (s, )5 + ()5 + ()5 ),

(6 + (6" + () + (x,,)% <100+ 500,
(62 + (6% + () + () <300-500,,
()% + (X)) +(X3,)" + (x,,)% <160+20a,,
(0, 4, + (33,5 + () <240 200,
(6,)7 + (X,)™ + ()% +(x,5)" <50+ 500,
()5 4 (0,) + () + ()2 <250 -50ax,,
()X < (x5, ()% < ()2 () = (), ()% 2 05i=1,2,3,4; j=1,2,3 and o, €[0,1].

Step 5: The problem (P42) can be transformed into the multi-objective linear programming problem (P43).
Maximize (Za“f )

Maximize (Zb“‘ )

Subject to

100 (062 + ()% + () )+ (104108, ) (0,2 + (0,2 + ()2 )+ (10+1261 ) (e )5 + () +(x,) )
(8420 ) (0 )2 + (e )+ G ) ) =25 +80t, (6, )5+ Gy )+ G )2+ 0 )2 )+ (S 44ty ) ()5 + ()

0 ) ()5 )5 (651 + Gt )i + G )+ () ),

(40=10az, ) (G, )5 + G5t + ()it )+ (40 =10at, ) (Gey )5+ ) + o)t )+ (34 =120 ) (Gey )5+ ()i + ()i )
(16 =20, ) (0 )5 + G )i + Gy’ ) = 257 + (168, ) (05,57 + (e )f + ()i + Gyt ) +(12 =20 ) ()5 +0x,)5!
)y + () )+ (14 =50, ) (0)f 4+ (e )i + (e )i + ()5 ),

06" 2 0.40( (6,05 + ()2 + 0,2 ),

()5 2 0.40( 0 )5 +(x,)5 + ()i ) (P43)
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()5 2 0.20( ()5 + ()% + ()5 ),
() 2 0.20( (e +(53)5" + (53957 ),
(5% 2 0.50( (e, )2+ (e )+ ()2 ),
()5 2 0.50(Cxy )5 + (e )5+ ()5 ),
()% <0.20( ()% + ()% + () ),
()5 <0.20( ()5 + 0,5 + ()
(6)5 < 0.40( (0, )5 + ()5 + () )
()5 <0.40((ry))y + (6 )f! + (3057 ),
(

()5 < 0.10( (e )% + ()% + () ),

() < 0.10(()631):’ +(x3), + (33), )’

(6 D5 4 00,5 4+ ()5 + ()i <1004+ 50,
e+ 000 + (), + (), <£300-50¢,,
()5 4+ (y) 5 4 (3, + (x,,)" <160+ 200,
()5 )y + () +(xy,), <£240-20¢,,
()5 4 () + (x35)5 4+ (x,)0 <50+ 50¢,,

()0 + (0)) + ()t + (x,5)5 £250-50¢,

()% < (5, (5) % < 06,) ™06 2 (), () 2 030 =1,2,3,4 5 j=1,2,3 and @, €[0,1].

Step 6: The problem (P43), can be transformed into two problems (P44) and (P45).

Maximize (Z:’ )

Subject to

(40=100, ) (05 + G + Gyt ) +(40 =100, ) Gy )5+ )5 + ()i )+ (34 =120 ) (G )5 + ()5 +(0)5 )
+(16—201 ) ()5 + ()it + ()i ) = 237 + (16 =80 )05 + ()5 + G )it + ()i )+ (12261, ) (6,5 +(6 )
)y ()5 )+ (14 =50, ) ()57 + (ye)p! + () + ()5 ),

()5 2 040( 05 + 05! + ()57 ),
()5 2 0.20( ()5 + (3,57 + (5355 )
Cry)p 2 0.50( (g + (e )j! + () ),
()5 <0.20((x, ) + (5,5 + 0y ),
()5 < 0.40( ey )5 + ()5 + ()5 ).
()5 < 0.10( ey )y + Cr)f + (g )
O )+ (6,) %+ (5,) % +(x,) <300-50a,,
()2 () + (X)) +(x,0)% < 24020,

() +(0)0 4 () +(x3);" £250-50¢,

(P44)

() > 00, () 2 0;=1,2,3,4 5 j=1,2,3 and &, €[0,1].
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Maximize (Z{')
Subject to
10a, (6,0 + ()5 + 062 )+ (10410a, ) (0, +(x3,)2 + ()2 )+ (10412 ) (e )+ ()2 +(x3) )
(8420 )0 )+ (e + () ) = Z2 4+ 8t ()8 + (o) + ey )+ (e ) )+ (54t ) ()5 + (e )
) () )+ 5 (065 + ()2 + () + () ),
(5% 2 040( (6,0 + (6% + ()% ),
(o) 2 0.20( 0y ) + ()2 + (1))
(e 2 0.50( ey )5+ ()5 + () )
()5 <0.20( 0,2 + ()2 + ()5 ) (P45)
(6)2" < 0.40( (0 ) + (53,50 + ()2 ),

(

()2 < 0.10( (x5, )2 + (e )i + ()2 ),

()5 + (o) + ()0 +(x,) <100+ 50,
()0 4+ (X)) + (X3 + (x,,) 5 <160+ 20¢x,,
()0 4 (X)) 4 (x3) " + (1) <50+ 50,
(5% < (6) ™, (5)% 2 0:i=1,2,3,4 5 j=1,2,3.

x.. )
i b

Step 7: The optimal solution { } of problem (P44) without considering the constraint

" G =1,2,3,4;j=1,2 o
(x‘f) = (x),"3i=1.2,3,4,j=1,2.3 and the optimal solution { yoa } of problem (P45) without considering

() <) 5i=12,3,4 =123 . o =0 =

the constraint is shown in Table 4.

a's Optimal Solution
(xllopt );7 = 96’ (‘x120pt )}7 = 48’ (x130pf )lly = 96’ (x21opt);; = 1547 (-xzzapt)ll, = 172, (x230pl)117 = 104
('x3lopt )lb = O’ (‘x320p1 );7 = 0’ ('x330pt )1b = 0’ (x4lopt )}7 = O’ ('x420pt )lb = O’ (x430pt )}7 = O’

(z, )o,,, =14100.

('xl lopt ) O ('x120pt) 0 (x13opt ) 0 ('x210pt) 150 (x220pt) = 166 67 (x23opt) = 100
('x3lopt) 0 ('x320pt) O (‘x%opt) O (x4lopt) O (‘x420pt) O (x430pt) = 0
(z)) =5133.33.

opt

Table 4. Solutions of problem (P44) and problem (P45) at &, =& = 1
] ]

o) 0]
Step 8: The optimal solution {( ")b of problem (P44) and the optimal solution { Y74 ) of problem (P45) for
a=a,=09,0=0,=08, ...q =0, =

is shown in Table 5.

| a's ‘ Optimal Solution
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(z° ),, —14686.

0.9 0.9
(‘x3lopt ), =0, ('x320pt )

('xl lopt )29 = 96’ (x120pt )29 = 48’ ('x130pt b 96 ('x210p

0.9 09
=0, (‘x330pr)b =0, (‘x410pt )b

0.9 m
('xl lopt ) 0 (x120pt ) 0 (x13opt ) 0 ('x210pt )
('x31opt ) 0 ('x320pt ) 0 (x330pt ) O (‘x4lopt )0 7
(z)°) =47525.
opt
(xllapt )28 = 96 (x12()pt )28 = 48’ ('x130pl )28 = 96’ (x21(1p
(x3lnpt b O (x32()pt P = 0’ ('x33upt )28 = 0’ (x4lupt )28
(z)*) =15282.40.
opt
0.8 ('xl 10pt) 0 ('x120pt ) O ('xl3opr) O ('x210pt )0 ’
('x3 lopt ) 0 ('x320pl ) O (‘x330pt ) 0 ('x4lopt )0 :
(z)%) =4386.67.
opt
('xl lopt )27 = 96’ ('x120pt )(b]7 = 48’ (x130pt )27 = 96’ ('x210p
(x3 lopt )27 = 0’ (x320pt )27 = O’ (‘x330pt )27 = 0’ ('x410pt )27
(z“) =15888.9.
0.7 e
(xl lr)pl) O (x120pt ) O ('xl3()pt) = O (x210pl)
(x3 lopt )a 0 (x32()pt ) 0 (x33upt ) O (x41()pt )0 ]
(z07) =4035.83.
opt
('xl lopt )26 = 96’ (x120pt )26 = 48’ ('x130pt )26 = 96’ ('x210p
(‘x3lopt )26 = 0’ ('x32opt )26 = O’ (‘x330pr )26 = 0’ (‘x4lopt )26
(z)°) =16505.6.
opt
0.6 o
(xl lopt ) 0 (x120pt ) 0 (x13opt ) 0 ('x210pt )
('x31opt ) 0 ('x320pt ) 0 (x330pt ) O (‘x4lopt )0 ©
(zy°) =3700.
opt
(xl lopt )25 = 96 (x12()pt )25 = 48’ ('x130pl )25 = 96’ (x21(1p
(x3lnpt b O (x32()pt ) = 0’ ('x33upt )25 = 0’ (x4lupt )25
0.5 _
(z; )om =17132.5.
0.5

('xl lopt ) 0 ('x120pt )
('x3 lopt ) 0 ('x320pl )

(z)° )o,,, =3379.17.

O ('xl3opr) O ('x210pt )0 2
O (‘x330pt ) 0 ('x4lopt )0 ?

24

)y =159, (
= 0’ (x420pt)

=145, (x,,,,
0’ ('x420pt )(1

) =164, (
= 0’ (x42()pt ):

=140, (x,,,,
O’ (x420pl )(1

)27 =169, (.
= 0’ (‘x420pt )

=135, (xy,,,
0’ ('x420pl )‘

)28 =174, (
= 0’ (x420pt)

=130, (x,,,,
0’ ('x420pt )(1

)y =179,(
= 0’ (x42()pt ):

=125,(x,,,,
O’ (x420p[ )((



('xl lopt 24 = 96’ (x120pt b 48 ('x130pt b 96 ('x210p ) = 184’ (
(‘x3lopt 24 = 0’ ('x32opt b T O’ (‘x330pr b T 0’ (‘x4lopt 2‘4 = 0’ (x420pt)
(z)*) =17769.6.
opt
0.4 0.4
('xl lopt) 0 ('x120pt) 0 (xlgopt ) O (x210pt) - 120’ ('x220p
('x31opr ) 0 (x’¥2opr ) 0 (x33opt ) 0 (x410pt )O 4 0’ (x420p[ )j
(z*) =3073.33.
opt
(xll()pt 2.3 = 96’ ('x12()pt 1(3'3 = 48’ (x13(1pt 23 = 96’ (x210pt 2.3 = 189’ (J
(x31()pl 2.3 = 0’ (‘x32()pt 2.3 = O’ ('x330pt 2.3 = O’ (x4lupt 2.3 = 0’ (x420pl )5
0.3 _
-~ (z; )op =18415.9.
. ('xllop[) 2X10 ('x120pt) 0 ( 130pt) O ('X:Zlopl‘)o3 = 1 15
('x3 lopt ) O (x32opr ) 0 ('x3'3opt ) 0 (x410pt )O ? 0’ ('x420pt )E
(z) =27825.
opt
('xllopt 22 = 96’ ('x120pt 2.2 = 48’ (xl3opt (b)‘2 = 96’ ('x210p 2.2 = 194’ (
(‘x3lopt 22 = 0’ (x32opt 22 = O’ (‘x330pr 22 = 0’ (‘x4lopt 2‘2 = 0’ (x420pt)
(z)?) =19074.4.
opt
0.2 3
(xl lr)pl) = O (x120pt) O ('xl30pt) O ('x21()pt) 1 10’ ('x22()p
(x3l()1n‘ ) 0 (x320pt ) 0 (x33()pt ) O (x4lnpt )0 2 0’ (x42()pt )j
(z0?) =2506.67.
opt
('xl lopt 211 = 96’ (x12opt b 48 ('x130pt b 96 ('x210pt ) = 199’ ('X
(x3lopf 21 =0, ('x320pt » =0, (x330pt » =0, ('x410pt 21 =0, (x420pt )2
(z)') =19742.1.
0.1 o
('xl lopr) O (xl2opt) O (xl3opt) 0 (x210pt )0 'E 105’ (’x220pl
('x3 lopt ) 0 (x320pt) O (x33opt) 0 (x410pf )0 : 0’ ('x42opt )2
(z)') =224583.
opt
(xl lopt )1(3 = 96’ (x12()pt )1(3 = 48’ (xl3(1pt )2 = 96’ ('x21()pt)2 = 204’ ('x220p1
(x3l(1pt )O = 0’ ('x320pl )1(3 = 0’ (x33()pt )2 = O’ (x410pl )1(3 = O (x42()pt )2 = (
(z)) =20420.
op
0
( llopt) = O ( 120pt) O ('xnopt) 0 (x210pt) = 1 0’ ('x220pt )(a) -
('x3 lopt) 0 (x320pr) 0 (x33opt) 0 ('x410p[) = (‘x420pt )2 = (
(z)) =2000.
opt
Table 5. Solutions of problem (P44) and problem (P45) at o =a,= 0.9, o, = =0.8, . =qa, = =0
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Step 9: Using the optimal solution of problem (P39), obtained in Step 7 and Step 8 under different & -cut levels, and
regression analysis, the obtained membership function for the fuzzy optimal value

Yo
(f/a and fuzzy optimal solution ( v ) of problem (P38) are as follows:

Membership function for fuzzy optimal value (f/a is
0.0003x-0.5976 ; 2000 <x<5133.33

; 5133.33<x<14100
—-0.0002x+3.2176  ; 14100 < x < 20420

0 ; otherwise

Lg(x) =

Membership function for optimal fuzzy decision variable ( f ) is

) 1 : 0<x<96
X)=
Hey 0 ; otherwise
Membership function for optimal fuzzy decision variable (% ) is
) 1 ; 0<x<48
X) =
e, 0 ; otherwise
Membership function for optimal fuzzy decision variable ( ﬁ) is
) ; 0<x<96
X)=
Ha 0 ; otherwise
Membership function for optimal fuzzy decision variable (,%;1 ) is
X100 00 < x<150
) 1 ; 150<x <154
Heg (X) = _
287X 154 < <204
0 ; otherwise
Membership function for optimal fuzzy decision variable (%) is
X100 00 < x<166.67
66.67
) 1 ; 166.67<x <172
/Ll%iz X) =
D27x  1pcr<in
20
0 ; otherwise

Membership function for optimal fuzzy decision variable ( ﬁ) is
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x—=50
; 50<x <100
50
1 ; 100<x <104
e D=1 154
—— ; 104<x<154
50
0 ; otherwise
o | ()
Membership function for optimal fuzzy decision variable is
) 1 ;x=0
Mg, (X) = .
“ 0 ; otherwise
- ()
Membership function for fuzzy optimal decision variable is
) 1 ; x=0
g, (%) = .
% 0 ; otherwise
- ()
Membership function for fuzzy optimal decision variable is
) ; x=0
Mg, (X) = .
% 0 : otherwise
o ()
Membership function for fuzzy optimal decision variable is
) 1 ; x=0
Mg, (X) = .
g 0 ; otherwise
. (@)
Membership function for fuzzy optimal decision variable is
) 1 ; x=0
Mg, (X) = .
% 0 : otherwise
%
Membership function for fuzzy optimal decision variable ( % ) is
) 1 ;x=0
X)=
He 0 : otherwise

6. Conclusion
On the basis of the present study, it can be concluded that there are some errors in the existing method"!. Also,

some assumptions are considered in the existing methods™"*|. However, in the proposed Mehar method, all the errors
[2,5,7.8]

of the existing method"! are resolved as well as the assumptions, considered in the existing methods , are not con-
sidered. Hence, it is better to use the proposed Mehar method instead of the existing methods!>*"#],
Appendix A
Definition A1 [4]: The characteristic function Ha of a crisp set AcX assigns a value, either O or 1, to each
Hge

member in X . This function can be generalized to a function such that the value assigned to the element of the

fg: X —[0,1]

universal set X fall within a specified range i.e. . The assigned value indicates the membership

grade of the element in the set A,

Ao {(x, ﬂgo(x));x e X} (x) for

The function Hge is called the membership function, and the set defined by it

each Y€ X iscalleda fuzzy set.
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(A4,

Definition A2 [3]: The & -level set of a fuzzy set 1@ is defined as an ordinary set for which the degree of its

membership function exceeds the level & :

(A, = {x]| ug(x) 2, €[0,1])

Definition A3 [3]: Let Fo(i) denote a set of all fuzzy numbers on i . For any e FoGi)

, suppose two &

-levels (a, ﬂ ) are selected to cut ‘%. Thus two & -level sets can be formulated as:

[oey] | (@)@ ]
it @Z8 then

[P0 (p); | <] @)l (a7 ] (P)s =@ () < (@)

, hamely

Definition A4 [5]: A fuzzy number lﬂ is said to be non-negative fuzzy number if the domain of its membership func-

(1) e, Mot 2100]

tion is set of non-negative real numbers . The set of non-negative fuzzy numbers may be

. +
represented by F( )

—
Definition A5 [4]: A fuzzy number X_ (a.b,c,d)

tion is given by

is said to be a trapezoidal fuzzy number if its membership func-

X—da
( ) ;a<x<b
b—a
) 1 ;b<x<c
H@X) =
@ =»
;e<x<d
d—c
0 ;otherwise
: Ae=(a,b,c,d) .. . : : .
Definition A6 [5]: A trapezoidal fuzzy number 2 is said to be unrestricted trapezoidal fuzzy number if
and only if a,b,c.d € .
A= (a,b,c,d)

Definition A7 [4]: A trapezoidal fuzzy number is said to be non-negative trapezoidal fuzzy number if

and only if @2 0,

(. (o
Definition A8 [4]: Two trapezoidal fuzzy numbers Ao (a,.b.c,.d)) and B (@y.0,.¢5.d,)
=a,,b =b,,c,=c, and d, =d,

are said to be

equal if and only if &
Arithmetic Operations A9 [3]:

For the intervals [(Pl)j,(]?l):] and |:((]l)“f’(ql)zlwe can define
O [ (poy |+ @) @)s | =[P +@)5-(p)y +(a); |

@ ()5 (py = @)@y [=[ (s = (@5~ ()i (@) ]

Y v w1 L PDE@)s AP (@), APy (a)s AP, (a);
Gin | (P (5 (@08 (qy =| 7 e T e e TR e TR e L

(P)a (@), V(P (gD, v(p),(q), v(p),(q),
(iv)The order relation “ < and “=" are defined by:

[ RSARICOROA
I:(p1)z’(p1 )Z] = [(%)Z’,(ql)ﬂ

(P <@g (P, <(a);

(pl )Z = (QI)Z’(pI )Zl :(%)Z_

if and only if

if and only if
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