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ABSTRACT

We consider the optimal control problem for degenerate parabolic variation inequality with weight function of

potential type that is in differential operator. Using the direct method of calculus of variations we prove the solvability
of mentioned above optimal control problem in the class of so-called H-admissible solutions. It is also established that
the set of H-admissible pairs is closed in the product of topologies of the state space and the control space.

Keywords: Optimal Control Problem; Parabolic Variation Ineaqulity; Degenerate Weight Function of Potential Type;

H-admissible solution; H-optimal Solution

1. Introduction

The main object of investigation is the control problem for degenerate parabolic variation inequality. There are
many existence results for evolution variation inequalities without degeneration. But the distinction feature of the
considered control object is the fact that its solvability sufficiently depends on properties of some weighted degenerate
function. Since this function can be unbounded and reach zero on subsets of some set with zero Lebesgue measure, the
operator associated with the problem looses properties which, according to classic theorems, guarantee the solution
existence. However, using the so called Hardy-Poincare inequality, one can prove, that the considered optimal control
problem for degenerate parabolic variation inequality has a unique optimal solution in weighted Sobolev space [,
Within the given investigations we propose the alternative approach to the studying of the solvability problem of
considered optimal control problem for degenerate parabolic variation inequality. Namely, similarly to>?! we introduce
the class of so-called H-admissible solutions and by the direct method of calculus of variations we prove the existence
of H-optimal solution.
2. Problem definition

Let Q € RY(N > 3) be bounded open subset with rather smooth boundary dQ and 0 € RV be an inner point of Q
Let Q = (0,T) x 89 be a cylinder in R* x RN, where 1 <49 As % = (0,T) X 9Q we define its lateral surface. Let a

function p:Q) — R satisfies the next conditions: p > 0 a.e. on Q and
pel(Q),p ' e(Q),VInpe(QRY), (1)
p+p e l”(Q).
Thus, the function p we can identify with Radon measure () on if we consider p(E)= j' p(x)dx for any measurable
set E € Q. Let us remind that a non-negative Borel measure which is finite on every compaét set we call a non-negative

Radon measure on Q. Henceforth with the function pwe will connect weight Gilbert spaces L7 (€1, pdx) and I (€, p~'dx),
where, partialy, L’(€2, pdx) be Gilbert space of measurable functions f : QQ — R, for which

||f||iz(Q,pdx) = (f>f )LZ(Q,de) = If 2m’x < +00
Q

We also consider the weight Sobolev space W, (Q, pdx) , which is constituted by such elements from,"' (Q)

for which the norm
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R [ [y + ﬂwwx}

is finite, and the weight Sobolev space H = H(Q, pdx) which is the closure of C; () with respect to the norm

2
(Q.odx) -
It is known that for any open bounded domain < R ¥ with rather smooth boundary OQ  there exists the
constant C(€)>0 such that the Hardy-Poincare inequality (see [4] for details)
j |Vy|;N - A dx > C(Q)Iyzdx
X
. &Y ¢ @)
1 A A2
is fulfilled 7Y € Ho(: ypere A =(V=2)"/4

1
Then, as follows from (2) (see [5] for details), Vy € Hy(Q) and 0<A<A expressions
1/2

2 172
2 Y
J' |Vy|RN _i|x|2 X (“Vy'iNdXJ |
N
o R and \9 are equivalent norms in Sobolev space Hy ( ) .
Let us consider a nonempty convex closed subset M of the space L (O,T H ) , which is also sequentially closed

with respect to the convergence by the norm:

b s

Vy+;Vlnp

2(0, T)
A3)
tt YL@ SEL(OTL(QupTdx)) g e (0152 (907 dx))

r (O,T;L2 (Q,p‘ldx))

and be given distributions,

Us be nonempty convex closed subset in which is defined by the next way:

U, = <u el’ (0, T; I (Q,p’ldx)) : ||u - ”0||12(0,T;L2(Q,p*1dx)) < L> “

||M||L2(O,T;Lz(g’p4 dx)) j I dxdt

where 00 P uel, as admissible controls.

Let us consider the next optimal control problem for degenerate parabolic inequality with control in right part:

Henceforth we consider functions

1) =1y = Yaall2(o..2(0,pac) = Inf )
hv (v=y) de"”” Vy,V(v=y)),~ pdxdt >
06
2ij(v—y)dxdt+Hu(v—y)dxdt,
- o (6)
veMyel? (o,T; (WOL2 (@, pdx))* ),v (0,x)=0,
uels, yeM .
y(0,x)=0,xeQ ©

Hence, we have the «weak» definition of the optimal control problem for degenerate parabolic inequality (see for
details [6]): find such a pair of functions

(u°,y°) e 2(0.7527 (@, p7'dx) ) x 17 (0,7 Wy (@, pa) ),
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for which relations (6)-(8) are fulfilled and for which the functional (5) reaches its minimal possible value.

3. Analysis of problem (6)-(8)

Similarly to [7, Proposition 1] we can obtain the next result.
z
y = —

e I’ (0,T; W, (Q, pdx
Y ( 0 ( p )) the next introduction ‘/; takes place and

Proposition 1. For any element
=py el (0,T; Wy (Q))~L*(0,7;1° ()
Let us note that similarly to [7] we have the next results:

D, (0,7 W, (Q)) . z/\p € 12 (0.T; Wy (Q, pdx)) VzeD,

F:D, < I*(0,T;Wy” (Q)) > I (0,7; Wy (2, pex)

1) there exists such dense set

2) we can consider the linear mapping where
Fz=z/ \/; and the conjugated operator
F':D(F")cl’ (o,T;(Wg2 (@ pix)) )—> —>L2(O,T;(W(1)’2 @)) )
with respective properties;
|y || <o McF(D w o

3) (O Tip) , thus ( L ) , where 7 is the closure of the space of finite functions Co (Q)

2
||y||i = Iyzpdx+j Vy+§Vlnp N pdx
with respect to the norm Q Q R
Definition 1. We say that PR, be a weight function of potential type, if p>0 a.e. on

! e Vinpe*(R" :
Q. pel (Q)’ p el (Q)’ npe ( ’ ) and there exist a constant C(Q)>0 and a subregion

Qcq such that P ¢ (Q ' Q*) , where dist(@Q, 8@) >0 for some 9 >0 , and the next relations takes place:
p(x)ZG on ' forsome 0> 0 9
~C(Q)<-Alnp(x) |Vlnp|RN < 24
| |RN ) (10)
V( ):—Alnp ——|V1np|RN
The function is called the Hardy potential for the weight function P Letus

represent an equivalent (in some sense) description of the variation inequality (6). Let us construct the set
M, = {;7 e (0, T2 (Q)):n = oy, vy e M < I (0,T: (Q,pdx))}

2
which in view of construction and initial assumptions is a convex closed subset of the space

2 2
L (O’T’ Ws (Q)) Moreover the element 7 €M1 “inherits” trace properties of the element yeM along
the boundary Q.
Let us consider the next problem:
T T
_Hw(w z )dxdt +II Vz,Vw—-Vz )RNdxdl
00 00
1T T f T
E.EE[V()C)Z w— z)dxdt '([E[ﬁ(w— z )dxdt + _Lj;p (w— z )rlxdt,
(1D

Vwe M, Wwel’ ((O,T;WOI’Z (Q))*),W(O,x) =0,
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pel, zeM,, (12)
z(0,x)=0, x € Q,

(13)

p=—r P \uf
where \/; :

In the case if #- Q>R is the weight function of potential type the variation inequality (11) has at least one

<L:.
*(0)

,V(x)=—Alnp—%|Vlnp|;N Py=qpel’(0):

>

solution for each admissible control Z € £ .

Theorem 1. [1, Teorema 1] Let PR,

fe I* (O,T;L2 (Q,p‘ldx))

be a weight function of potential type. Then for given

and P € £ the variation inequality (11) has a unique solution = Z(p S ) €M, .
Similarly to [1, Theorem 2], we can obtain the next result about the equivalence (in some sense) for problems

(6)-(8) and (11)-(13).
Theorem 2.  Let

f eLz(O,T;LZ(Q,p_ldx)), v 2(0)

pQ—>R, be a weight function of potential type.  Let

2 w2
be given functions. Then zel (O’T’WO (Q))

yE I* (O,T;Wé’2 (Q,pdx))

is the solution of

theproblem (11)-(13) for given ¥ € £ if and only if

(6)-(8) for given “<Ua.

4. Topological property of the set of H-admissible solutions
Definition 2.We say that the set

=, = {(u, y)e (0,522 (€, pd) x I2 (0.T:H) |(u,y) is concemed by (6) - (8)}

is the solution of the problem

is called the set of H-admissible solutions.

',y e L’ (0.7:1°(Q,p™'dx) )< L’ (0,T; H)

Definition 3. The pair is an H-optimal solution of the

0 0y o 1@W’,y)= inf I(u,y)
problem (5)8), if 4 >Y VE€En 4ng wyeSy

2 .
Definition 4. We say that the sequence Ui < L(0.T5H)

yeL*(0,T;H)

is weakly convergent to an element

2 )
as k—oo , if the given sequence is bounded and Ve >V weakly in L7073 L°(€, pdx))

LO.T:L@Qpd)") | k—soo

and
Vye > Vy weakly in
2

X
Remark 1. Let us consider the space ~ # that is the closure of the set K = {(y,V y), ye L*(0,T ;Cy (Q))} in

2(0.T:H)x (0. 17 (@, pax) ") X2
Similarly to [8, 9] we can assume that the space P is closed in
L(0.T:L(Q, pdx)) % L*(0,T; (2, pedx)™)
2 ) -1 2 .
Let 7 be the topology on LO,TL°(€, pdx)) x L(0,T; H)
L(0,T;L°(Q, p'dx))

which we define as the product of the weak

2 .
topology of the space and the weak topology of L0,7:H )

Theorem 3. Let F (x)>0 be a degenerate weight function of potential type. Then for every
2 ) -1 =
fel(0T:L(Qp dx)) the set —# is sequentially 7 -closed.
Proof.  Let WY e < By be any 7 -convergent sequence of admissible pairs of the problem (5)-(8) (in

view of Theorems 1, 2 such choice is always possible). Let (1o, o)} be its 7 -limit. Let us show that
{(ug,yo)} €Ey )



2 . 2 ) -1
Since M and Us are convex closed sets in L(0,7:H) and LAOTL(Q, p dx))
uyelU, y,eM

respectively, then by

Mazur lemma they are weakly closed. Thus,

e Y0 e is admissible pair for the problem (5)-(8), then

[ [y(v=yopdxdt+[ [ (Vy,.V(v-y, ), pdxdt > [[fo=yodxdt+| [u,(v—y,)dxdt
0Q 0Q 0Q 0Q

. Let us show that the limit pair satisfies (6). Since

(14)
Let us consider the right part of (14), rewriting it in the next way:

f [ £y dxt —f [ fodxd + f [y, dxdt —f [wvexdt =1, + 1, + I, + 1.
0Q 0Q 0Q 0Q

Let us consider 1 :

I :}J-uk y, dxdt =
00

) ——]

Iuk Y, dxdt = 'Tj‘uk (Y, — ¥, )dxdt +}J.uk Y, dxdt
Q 00 00

-1 1 L1
In the case when P € L) W

Wol,l (Q)

the space H is continuously embedded into () (see [2] for details) , the

1 1
is compactly embedded into Ly . Thus, we have V¢ Y0 in L) and up to the

T
[ Jue (= yo)xdt -0

subsequence Ve 2 Y0 ae. in . Hence, 02 , k= Iy view of 7 -convergence of

2 ) -1 2 )
(U Y ) bes and that fact that LOT:L (€, pdx)) is the conjugate space to L0, T; L (8, pdx)) (see [10]

space

1, —>].J.ﬁ/0dxdt 1, —>—JT.J.u0vdxdt ]‘Jukyodxdt —>'|T.J‘u0y0dxdt

for details), we have that 0Q 00 00 00 as k> Thus,

> E)

T T
fim [ [ (£ u, )y, — V)dbxdt =] [ (+u,)(y,— v)dxdt
=208 00 (15)

Now we pass to the limit in the relation (14) as k — oo , using (15) and the property of lower semicontinuity in

2 12 N
L0, T;L(Q pdx)") with respect to the weak convergence (see [3] for details). As a result we have

T r , :
[ [¥yo=v)pdxdte] [ (7y,.V 3y = V), v pdxdt =[ [¥yopdxdt+[ [ v pdxdt+
0Q 00 00 "0
z T
+II(VYO,VYO)RN dedt_II(VYO’VV)RN pdxdt <
00 00

T T T T
< lim [ [ pexdt + lim [ [wvpdxdt + zln [ (VY1 VY, e~ lim [ j(Vyk,vV)RN pdxdt <
00 00 2900 00

0Q

< lim [T [ v, paxat +T [vvpdxdt + } [(Vy.v Yi),w pdxd —} [y, IV)_y pdxdt} <
k=o\ 50 00 00

k== 00 00

T T T
< lim [j [(E+u)(y— V)dxdtj = lim [ [[E+u)y,- V)dxdz] = [ £+ o)y v)dxat
0Q

Hence, the 7 -limit pair (U, Y) is H-admissible for the problem (5)-(8), and (U, ¥0) €=y .
The theorem is proved.

5. H-solvability of the problem (5)-(8)

Theorem 4. Let 7 x)>0 be a degenerate weight function of potential type. Then for every

2 ) -1
fel(0T:L(Qp dx) the set of H-optimal solutions is nonempty.
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—

. . L = cE
Proof. Let us note that the cost functional (5) is lower ¢ -semicontinuous on . Let WY o
H-minimizing sequence of the problem (5)-(8), that is

lim/(u,.y,)= inf I(uy)<+o0
—0 u,y)eE )

From the definition of the set @

L0, T;L(Q, p ' dx))
Thus up to a subsequence there exists an element u €U, such that kU

L(0,T;L(Q, p ' dx))

we have that the sequence Uy is bounded in
weakly in
as K> Letus prove the boundedness of the sequence Ve =y} in the

2 . =
space L7(0,T; H) . From upper assumptions we have that yeM can be represented as Y Z/\/; , Where
ze 0. THYNQ)

|-

(0,T;HY(Q) _[_[y dedt+J‘_[‘v(\/—Y)‘ dxdt
(16)

Moreover, it is known that the sequence 2 is bounded in the space r (0 T;H, 0(©2)) [see, for example
the proof of Theorem from [7] for elliptic case]. In view of (16) we have, particularly, the boundedness of the sequence

{y, L’(0,T; L (Q;pdx)).

Ve in the space

2 1200y N
Let us prove the boundedness of the sequence V¥iben in the space LO,T;L (X pdx)") . Using the

equivalent representation of the problem (6)-(8) properties of the operator A=d/dt (see [1] for details), Proposition
2 17!
{Zk }kzl in the space L (09 T, HO (Q))

T
[J7 5.9 vy, pdxdt= |V
0Q

1, boundedness of the sequence and inequality

LZ(O,T;LZ(Q;pdx)N)_”Vy 2(0,T;L2(Q; pdx)Y) VVO 2(0,T;L2(Q;pdx))

we obtain the next property:

[ [outy-vo)pdsdts ] [ (V. V(y—v,) . pisdt
0Q 00

= — 400,
” y I2(0,T;L2 (9 pdx) ™) (17)
V2 ome @ipan) —> ® eM € L(0,T;H’
S ” LOTE (Qipdo™) for some 0 such that, vy € L7(0,T;H )
\Y% 0
v Yk”}m VYt such that H Vi, 2(0,T;12(Q:pdx)Y)

Let us suppose that there exists a subsequence

as N —>® , and, using (17) we obtain:
j J o (¥~ vo)pdxdt+j j (Vi V(5= Vo)) gopdxdt j j (F+u, )y, —v,)dxdt
+00 L <? =
H Vi, 20T (Qpd0)") ”Vyk L(OTLZ(Q pdo™)
< Hf+u@ 12(0,T;L2(Q: 07 dx)) Hy"n R PO (@pd)

[V

n

L2 (0,11 (€;pd0)Y)

2O0TL(Q;p " dx) )(Hykn
Hvyk

n

< (||f||L2(O,T;L2(Q;p1 dx)) +Hukn

12(0,T;12(€2;pdx)) + ||v0||L2(0,T;L2(Q;pdx))) <

PO.TL (Q:pd0)")



+[vo
PO0,TL(Qpd0)") Ol (0L (Qupdx)) |

+HV
LZ(O,T;LZ(Q;p'dx)))(”ykn 12(0,T;L%(Q; pdx)) y"n

< (”f”LZ(O,T;LZ(Q;pldx)) +Hukn
HVJ’kn

(0T (pd0)™)

|

2 (0,T;L2(Q;p " dx)) ) Vyk”

I2(0,T;L2 (Q;pdx)) +1 ”VOHLZ(O,T;LZ(Q;de)) < Cv

Hvyk

n

o1 (17—

(0T (Qpdx)")
2 T2 .y

, since the set Us is bounded in the space LOTLExp dX))'

v Yk"}nzl in the space

Y eLlOTH) (o that

L(0.T;L(9; pdx)")

2 (0,T;L% (Q;pd0)™)

2 .
for an arbitrary fixed element v, € L°(0,T;H)
We have the contradiction. Thus, we obtained the boundedness of the sequence

L’(0,T;L*
Vi ™ y*

. N
(€ pdx)™) . Hence, up to a subsequence there exists an element

L’(0,T; L*(Q; pdx)) Vy, > Vy'

weakly in and weakly in (see

* *

H s sequentially 7 -closed then the pair (u,y) is

(1]

Remark 1) as K = % In view of Theorem 3 the set

H-admissible for the problem (6)-(8). From the lower 7 -semicontinuity of the cost functional (5) we have that

I(u',y) iliru."(lu,k.y,;}:I irLf_' I{u,y). Hence, (u,y) is the H-optimal pair.
ka0 WLYME= g
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