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ABSTRACT
One functional class is described in terms of one-sided modulus of continuity and the modulus of positive (nega-
tive) variation on which there is a uniform convergence of the truncated cardinal Whittaker functions.
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1. Introduction and Preliminaries
E. Borel and E.T. Whittaker introduced the notion of
a truncated cardinal function, whose restriction on the

segment [0, 7] reads as follows:

: sin(Qx — km) /km
Q9= g (a)
. k=0
(—1DKsinQx /km
:k=0 Qx — km (E)' D
here Q > 0 and n = [Q] is integer part Q € R. The

function Smﬂ(ﬂcalled sinc-function. Up to now, a fairly

X
well-studied problem is the one concerning sinc ap-
proximations of an analytic function on the real axis de-
creasing exponentially at infinity. The most complete
survey of the results obtained in this direction by 1993 be
found intY.

Sinc approximations have wide applications in
mathematical physics, in constructing various numerical
methods and the approximation theory for the functions
of both one and several variables™ ™, in theory of quad-
rature formulael™®, in theory of wavelets or wave-
let-transforms in*™. In book!*® designated perspective
directions of development of sinc approximations.

One test for the uniform convergence on the axis for
Whitteker cardinal functions were provided int*2*3. An-
other important sufficient condition for convergence of
sinc approximations was obtained in™. It was estab-
lished that for some subclasses of functions absolutely
continuous together with their derivatives on the interval
(0, ) and having a bounded variation on the whole axis

R Kotel’nikov series (or cardinal Whitteker functions)

converge uniformly inside the interval (0, m). In™ was

obtained by an upper bound for the best possible ap-
proximations of sincs.

Unfortunately, while approximating continuous
functions on a segment by means of (1.1) and many other
operators, Gibbs phenomenon arises in the vicinity of the
segment end-points, see, for instance™. In™* and!*®
various estimates for the error of approximation of ana-
Iytic in a circle functions by sine-approximations (1.1)
(when Q = n) were obtained. In papers™” there were
obtained estimates for the error of approximations of
uniformly continuous and bounded on R functions by the
values of various operators being combinations of sincs.

In papert® sharp estimates were established for the
functions and Lebesgue constants of operator (1.1)
(when Q = n). Works™@?! were devoted to obtaining
necessary and sufficient conditions of pointwise and
uniform in interval (0, m) convergence of values opera-
tors (1.1) (when Q = n) for functions f € C[0,m]. In%?Z
there was constructed an example of continuous function
vanishing at the end-points of the segment [0, 7] for
which the sequence of the values of operators (1.1)
(when Q = n) diverges unboundedly everywhere on the
interval (0, 7). Work!” was denoted to studying ap-
proximative properties of interpolation operators con-
structed by means of solutions to the Cauchy problems
with second order differential expressions. Papers®*?®!
were devoted to applications of considered in?® La-
grange-Sturm-Liouville interpolation processes.
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In®® the results of work?®! were applied for studying
approximative properties of classical Lagrange interpola-
tion processes with the matrix of interpolation nodes,
whose each row consists of zeroes of Jacobi
als P,?“’B"with the parameters depending on n. In the
works? 2 of construction of new operators sinc ap-
proximations. They allow you to uniformly approximate
any continuous function on the segment.

In the present work we follow the lines of publica-
tions®™“%. We functional class is described on which
there is a uniform convergence of the truncated cardinal
Whittaker functions for in terms of one-sided modulus of
continuity and the modulus of positive (negative) varia-
tion.

InA
R, and for each nonnegative A let q, be arbitrary func-
tion in the ball V,, [0,m] of radius p, in the space of
functions with bounded variation vanishing at the origin,

Fix pp=o (ﬂ) as A— 4o, let h(}) e

so that
VA
Volaal < pa pr=o0 (ﬁ)
as A — oo, g,(0) = 0. (1.2)

For a potential q, € V), [0, ], where A — +oo the
zeros of solution of the Cauchy problem

{ y” + ()\ - qX(X))y = 0' (1 3)
y(0,2) =1, y'(0,1) =h(), '
or, provided that h(A) # 0

Volals v pa=o (%)
as
Ao, qu(0) =0,A- 00, q3(0) =0h@) #0,

(1.4)
the zeros of Cauchy problem
{ y'+ (A= @)y =0, (1.5)
y(0,2) =1, y'(0,A) =h),
which lie in [0,n] and are numbered in ascending
order, will be denoted by
0 <x0, A <X, A< <Xpyp,
AT (X_L;L < 0,Xp(a)+14 > 11). (1.6)
(Here x_;, <0, and Xp(a)+1, > T are the zeros of
the extension of solution of the Cauchy problem (1.3) or
(1.5) corresponding to some extension of function g,
outside [0, 7] having similar bounds for the variation).
In®?! the properties of the Lagrange type approxi-
mation investigated. The operators which include the
solution of the Cauchy problem of the form (1.5) or (1.6)
and the continuous function which bind

S)L(f, X)
y&,A)
= f
Z y’ (Xk'x'x) (X - Xk,k,) (Xk‘}‘)

k=0
n

= Z Sk GOf(xXk)s 1.7)
i=o

it interpolates f at the nodes {Xkl}izo .

Let Co[0, ] = {f:f € C[0, ], f(0) = f(m) = 0}.

When approximation using sinc approximations
(1.1) function f e C[0,m] \C,[0, ] near the endpoints
of the Gibbs phenomenon occurs. This problem can be
solved with the help of the reception that was used in the

construction of the operator®, formula (1.9)
Ta(f,%)
n y(x,2)
=)y (xia ) (x — xka,)
k=0

_I_f(ﬂ) —f(0)
T

f(m) — £(0)

T

{f(xk.x) - Xier — f(o>}

x +£(0)

(1.8)
where (x ,A )- solution problem Cauchy (1.3) or (1.5)
and xy,- the zeros of the solutions.

2. Main result
Unless otherwise stated, suppose that for each A >

1, n = [VA], Q = VA and x, := km/VA and

o (-1)Xsin 0x
lk‘}‘(x) _'_ Qx—km o
decreasing convex up on [0, b — a], vanishing at zero

functions w. Let C(w',[a,b]) and C(w",[a,b]) is the
set of elements of C[a,b] such that for any x and
x+h(a <x<x+h<b) we have the equalities
f(x + h) — f(x) = —Kfw(h)
or f(x+h) —f(x) < Krw(h),

. Let Q set of real continuous non

(2.1)
accordingly. Where w € Q. Selecting positive constants
K¢ may depend only on the function f. In this case the
function w (h) is sometimes referred to, accordingly, the
left-hand or right-hand continuity module. In principle,
the definition of a unilateral module of continuity
could be considered any functions m(h) vanishing at zero,
continuous on [0, b — a] or [0, o). The wording of all
the results of this work in this case, would remain in
force. Without loss of generality, in the definition of uni-
lateral modulus of continuity (2.1) can be considered
wE Q.

Classic modulus of continuity f € C[a,b] denoted
asusual @ (f, 8) = supjj<sxx+hefab|f(x +h) — ).

The module of continuity of fe C[0,n], if
a = 0,b = mwill denote



o, (f, ) = suppcsxxsheomlfix+h)—
f(x)|.Module of change of f on the interval [a, b] is
called function defined by the equation

n-1

v(n,f) = supr, Z|f(tk+1) — ft)l,
k=0

where
t, <blLneN .

Take a non-negative, non-decreasing convex up
function of a natural argument to v(n). If a module of
changes of function f on the interval [a, b], such that
v(n,f)= O(v (n)) with n - oo, then we say that f be-
longs to the class V(v ). Here, also, the choice of uni-
formity of the constants o-symbolism can only depend
on f.

By analogy with the positive (negative) change of
function will be called positive (negative) module of
change of function f on the interval [a,b], accordingly,
the function of a natural argument type

v*r(n,f) = supp, TRIG(F(tsq) — f(t))+
and v~ (n,f) = infy, YRZ5(f(trs) — Flt)) -,
where z, = %'Z' and z_ =214

and T, =fasty <t <t; < <t <
t, <b},n € N. We say that f belongs to the class of

V*(v) or V- (v) , if there exists a constant Mg, that for
any natural n true inequality

vi(n,f) < Mgv(n) or
accordingly.

We define two functional classes. The function f
€ C(w' [ab) N V- (v) (f € C(w" [a,b]) N V*(V))
here, 0 <a<b<m 0< e <(b—a)2, ifthere are a
nondecreasing concave function of a natural argument v
(n) and the function w € Q such that

T, =fasty<t; <t <+ <ty4 <

v (n,f) = — Mgv(n)

m kz_kl_l
) . T 1 N V(k)
1_}r2> MmN <m <k,—k,—-1 § @ <_) Z k Z g
n \/X k=1k k=m+1 k

= 0’
(2.2)

where k1, k2 + 1 — the smallest and largest number
of nodes xy; = km/Q, falling in the interval [a, b], and

feC(w,h[ab) ) N V(W) (f € Clw" [ab]) N
Vi)

The description of the first class contains a re-
striction only on decreasing the function. The description
of the second class contains a restriction only on the in-
crease of the function.

Theorem 2.1. If f € C(w'[a,b]) ) N V- (v) (f

€ C(w" [ab]) N V*(W)), here, 0<a<bh<n 0< ¢ <
(b —a)/2, then
(lll_r){}o f = Ca(f, Ilcra+ep-e
=0. (2.3)

Where operator Cqo(f,.) defined in (1.1).

Remark 2.2. On the set [0,%] \ [a, b] ratio (1.1)
can be not performed (Seel??).

We present auxiliary results, which will be used in
the future.

Proposition 2.3 (%!, Proposition 9). Let y(x,1) be
the solution of Cauchy problem (1.5) or (1.6) and assume
that in case of the Cachy problem (1.5) relations (1.2)
hold, while in the case of (1.6) relations (1.4) hold. If
f € Cy[0, ], then

1 n-1
lm (@) = S0 =5 ) (e
k=0

— f(xa))Siea ()
= O,
(2.4)
Forany 0 <a<b<m0<e<(b—a)/2 de-
noted
Qﬂ.(f! [a: b], 8):

my .
= MaXp, <p<p, Z f(x2m+;,/1_)2mf(x2m‘,1). (2.5)

m=my

Here the dashes on the summation signs in (2.5)
mean that are no terms with zero denominator. Where p;,
p2, My and m,are the indices of the zeros determined by
the inequalities

Xpip=a+te<Xp+ Xp2). b — & <Xpii

X1—10 < @ < Xy

kq k,
m=lz]+ m=l3]

Here [z] denote the integer part z.

Proposition 2.4. If f function f € C[0,n], then
from a ratio

Xia+12 < b <Xyp42.

lim Qa(f, [a,b], &)
=0 (2.6)
follows (2.3).
Proof of Proposition 2.4. We denote
Ya = f i1, D) — f(xp, A)
ki <k < ky; A >0. 2.7)
We take into account that we have the estimate
Wial=1f Gicss D) = f VIS o (£,75) foral
klfksz,}\,>0

(2.8)
We fix an arbitrary x € [a + &,b — €]. Choose in-



dex p = p(x, 4), so that X € [xp3xp41,2). Then x =

1
Xpa, *+. Wherea=a(x, 2) € [0,1) = Via bea(®)
p—k+a Ke[On-TN[ky k3 |
_ = "I /3
AT 01 (f, )
< VA <
From (2.8) for all x € [a + &b — £] we have S— |lea(0)| <

the estimate

ke[on—1]\[kq k2 |

T 21
= (D ¥ ea| _ Co, (frr) In =
p—k+a -k |~ ZZa
k:lkl i’rsé‘ﬂ k:|k1 i’l‘sé‘z? Thence, by (2.11) (2.4) we have forall x x € [a +
p—k|23; p—kl=3;
g,b — €] ratio
rm 2 - VX O (=14
@ I . Sin X - kA
-k -kl -1 — _ ,
W ol o= KI(p = KT = D) lim | £G0) = Calf,0) — =5 ) =
Ip—k|23; k=k,
s
< a,( ,_). =0. (2.12)
I

(2.9)
Notice, that if h(A) = V4, . = 0 solution of the
Cauchy problem (1.5) is y(x, A) = sinVAx.

We estimate the last term in (2.12) by means of ratio
(2.8) and triangle inequality

k2
sinvVAx NG I

We take into account (2.7). We decompose the sum 2m k=K, p-k
. . my ko
in (121)2 as follows: PNES W oma i Via
27 - 2m 2m -k
5 Z (f (xk+12) = F () iz, P =
K 0 ( 2 > (2.13)
1 + w < ,—) . .
s (f(xk+1,/1) - f(xk,/l)) lia(x) = Vi

kE[0,A-1]\[k1 k2]

1
Yrasla () +§ Yrarlea ()

k:kq <k<k;;

By the continuity of f there exists a sequence of
positive integers {l,}m—,, such that

kikq =k<ky ; 1 n 1
|p—k|23; |p—k|<3; L, =o(n), lim [, = o0, limw (f’_)z_
n—oo A—>0 ﬁ k
+3 Yiar e (0. (2.10) k=1
ke[0,A~1\[k1 k2] =0, n:= [1]. (2.14)
Now, using the triangle inequality, of (2.7), (2.9) Wiestimate the second sum in (2.13)
uniformly for x € [a+e,b—¢] the estimate 1 ZZ: Yia 1 Z Y
ko = |5
1 2r Lap-k 27r._<p—k
5 D F(tenn) = f (ea)les ok ko Kista
k=k 1 N
' _ oo +|— lp_’” . (215)
_sin Ax Z (D" Y2 < kilp—k|>ly
m =, P~ k From here and inequalities (2.8) follows
1 D"pua Z CD%ea |, 1 Vral o 1 Z Vka
_ _ 27 - k| ™ 2m -k
2 s PR e, Pk p—ristn el =R P
1 Z 1 | il 1 T o1
— |9 kala ()| + 5= Z — <w(f,—) Z—. (2.16)
2nk:|p—k|<3 2nk:|p—k|<3 L T v kzlk
< Ew (f’ l) (2.11) Hence by (2.15) after taking the Abel transform in
T \z ) case k € [k1,k,]:p—k >1,we obtain the esti-
There are a constant C and number ny € N inde- mate

pendent of function f € C[0,n],0<a<b<mand0<g
<(b—a)/2, such that forallx € [a+egb—¢]andn>ng
the inequality is fair



1 PYra

2
k:lp—k|>1y
4
< £ llcra.p
L +1

o1
+ 4l fllcran Z K+ 1)
k=ly

Hence by (2.14), (2.15) and (2.16) we obtain the
uniform estimate forall x € [a+¢gb—¢]

ka
1 Yial|
k=kq

Notice, that if h(\) =V, . = 0 solution of the
Cauchy problem (1.5) is y(x,1) = sinv/Ax,. Then by (2.4),
(2.5), (2.12), (2.13), (2.17) and triangle inequality we
obtain the relation

If(x) = Ca(f %)l

k>
sinv2x =Dk s
fG) = Calfin) —— e
k=k;
1w 1 & 1
- ¢2m,l + _Z lpZm,A +0 w(f,—)
T p-2m 27 p-2m v
m=m, k=kq

<

~0:(f a,b.€) + o(1)
From which it follows the sufficiency (2.6) for uni-
form convergence (2.3). Proposition 2.4 proved.
Forall0<a<b<m, 0<g<(b—a)/2 denoted
Qi(f.la, bl &):
ma

_ N f(x2m+1,/1) — f(2ma)
=MaXp ; <p<p, p — 2m :

(2.18)

m=mq

Proposition 2.5. If function f € C[0,x]], then the

ratio of
lim Q;(f,[a,b],€) = 0
implies (2.3).

Proof. Indeed, by Proposition 2.4 satisfy the condi-
tion (2.19) implies truth of the saying (2.6) and therefore,
the ratio (2.3).

Remark 2.6. Propositions 2.4 and 2.5 are analogues
of known signs of A.A. Pri-valov uniform convergence
of trigonometric polynomial and algebraic interpolations
polynomial Lagrange with the matrix of interpolation
nodes P.L. Chebyshev %I,

Proof of the Theorem 2.1 Let the function v and w
satisfies the condition (2.2) and f € C(w' 1 [a,b]) N
V= (v).We show that the relation (2.19) is true. By virtue

(2.19)

of the uniform continuity and boundedness of f, for any

positive e there exist natural numbers v n, such that for

all A >n; (A € R) simultaneously take place two
inequalities

T\ 1 e

() Xr<s

k=1

(2.20)

24”f”C[a,b] < EV. (221)
Let A > n ;. We find p,, depending on n, a, b, € and
at which the maximum in the definition (2.18)

Qy(f,la, bl e) = Z ) f(xzm+;;l)—_27}:1(x2mll) .

Assuming that

k2
*k . N f(xk'l'l,l) - f(xk,ﬂ.)
Q5 (f.la, b), &): = kzk 20T A,

The value of Q;"(f,[a,bl,&) is obtained from
Q;(f,[a,bl,e) by the addition of non-negative terms,
therefore is fair the inequality

Q;(fla,b) &) < Q;"(f, [a, b], &).
We divide Q3" (f, [a, b], &) into two terms

(2.22)

k>
. L . f(xk+1,/1) - f(xk,/l)
Q;*(f,[a, b, £): = 1;1 e _

Z"Z F(irnn) = £ ()
I Xks1,2) =T Xea)
2 & — = 51(po) + S2(po),

(2.23)
where two strokes mean that in the sum are absent
non-negative summands and with index k = py.
First, we estimate the first sum. Representing it in
the form

S1(po)

k:k €[ky k2],
0<|pg-kl<v

f(xk+1,/1) - f(xk,/l)
po—k

f(xk+1,/1) - f(xk,/l) n
po—k

k:ke€lky ka2l
0<|po-kl|lzv

= Sl,l(po) + Sl,Z(po). (224)
Inthecase {fk : k € [k, k;]O0<|po—k|=vV} =
@ believe that the second term is zero.
From the inequality (2.20) have
v

s < 200, Y L8 2.25
512 0)] < w(f,ﬁ);fg. (2:25)

We now estimate the amount S;,(po). If posuch
that inequalities are fair k; < po— vV < po < po + v < ky,



then ratios take place po — ki > v k, — pg> v. Hence by
(2.21), after taking the Abel transform we obtain estimate

Do~V
f(xk+1 /1) = f()
|S1.2(0)| < : :
1,2 0 ka: p

O_k

1 '
n Z f(xk+1,/1) — f(xx,2) <
k=po+v k- Po
Po—v-1

z f(xk+1,/1) — f(xk,2)
Po-F)po — k = 1)

k=kq
+ f(xpo—v+1,l) - f(xkl,l)
Po — ky
kp—1

Z f(xer12) = F(o +v,2)
(k —po)(k + 1 —pg)

k=po+v
‘f(xkz,a) — [ Ctpoio ;)
+ ~—| <

+

ky; — Do
oo 1 4 o
40f1l __ n 1 Wl cra,b1 < f llcian)
NLiGE D v v
i=v c
<=
3

(2.26)
Similarly we prove (2.26), if p0 would be so, that
will be inequality p, —v < ki < po< po+ v <k, or
inequality k 1 < pg— v < po<k 2< py+ v. Of the possible
variant remained only when py- v < k; < py <k < pg
+ v. In this situation, we have |Sy,,(p,)| = 0.
From (2.24), (2.25) end (2.26) we obtain inequality

2
151 (Po)l < Te (2.27)

forallA>n;.

Let’s move on to the study of the properties of the
sum Sy(po). Take any integer m:1 <m <k,—k;—2
and represented Sy(po) in the form

0<S{@o)=-2
f (v ) = fOa )

kikelkq ksl Po — kI
[po—kl=sm
2 “f(xk+1,l )— f(xk,/l )
kikelkqa ksl Po — kI
|po -k|>m
=5,1(o) +S22(p0).  (2.28)
Function f € C(w' [a,b]), therefore by defini-

tion (2.1) we have relation
T
f(res12) = f(xa) 2 —Kr o (\/_I)
Therefore
0<S:(@o)=-2

Tf (k2 ) — fen ) <
|po — kI -

ke €Tk g k21,
[po —kl=sm

()
T \/7 k:lk
We estimate the amount S,, (p o ).
0 < S,(Po)=-2
S ) = flaa) _
|po — kI -

(2.29)

kik€lkq,kz]
[po — kI>m
Po-m

, Z_l—(f(xkﬂ,z )= F(xex ))-

po—k
+2 _(f(xk+1,/1 ) - f(xk,/l ))-_

k=po+m+1 = Po
Note that p, — m < k; or p, + m > k,, then in
(2.30) disappears respectively, the first or second term. In
case that p, — m < k; < k; < pg+ m, sum Sy,5(po) in
(2.28) absent. Take into account that f € V (v) . We
will apply Abel’s transformation in estimate (2.30)
0 <832(po) <
R =(f (ean) = (%)) -
Do — k1
N ”z’”: SPO T = (f (xernn) — F ()=
L =R —k+ D)
e —(F (ee1) = F ()=
k; —po
n Z?:po +m+1 _(f(xk+1,/1) - f(xk,l))—
o o~ ) @o —k — 1) -

((po — ky) —m — 1)%(%)

(2.30)

2

kp—1

2

(Po — k1)
kp—1
oy vk —po—m) | _
¢ — — <
et 0= By — k= D)
Po—k1—-1 ky—po—1
oM vk — m) v(k — m)
. = 7 ~~ 7
e k(k + 1) e k(k + 1)
T
+ 4K; ,(—
fw(ﬁ)
ko—kq—1 ( ) ~
< 4M; Z 2 Kr o (—)
k=m+1 \/Z

Hence (2.28), (2.29) and (2.30) we have



0 <5S,(py) <4K (n)il
= 02(Po) = fwﬁk—lk

kz—]:l—l
+4M Z —v(k)+4K (T[)
f 2 fo\ 7]
k=m+1 k \/7

Conditions (2.2), due to the non-negativity of both
summands, equivalent to

o Ty 1 v(k)
fim mitsanaiz s maxjo () ) 2 D S

= 0.

Therefore exists ann, € N,n, >n 4, that for avery
A >n sthere are m: 1 <m <k , — k ;— 1for which the
inequality

0<S,(po) <= (2.30)

As result of by (2.22), (2.23), (2.24), (2.27) and
(2.31) we get that for any e> 0 exists an n, € N, that
foreveryA>n,>n; thereexistsanm:1<m=<k,—-k
1 — 2, that performed the inequalities

Q;(f.[a,ble) < Q' (f.[a,ble) <€

Now Theorem 2.1 follows from Proposition 2.5.

To prove the theorem 2.1 if f € C(w” 1[a,b]) N
V+(v) is sufficient to note that if f € C(w” 1 [a,b]) N
V*(v), then —f € C(w' 1[a,b]) N V=(v) and opera-
tor C o (f, . ) — linear. Theorem 2.1 proved.

Remark 2.7. In the case when f € C(w' 1[a,b]) N
V (vyorf € Clw" 1[ab]) NV (v) (visthe ma-
jorant classic module change v(n, f)) in®*® proved that the
conditions of the form (2.2) are sufficient for the uniform
convergence of trigonometric interpolation processes and
sequences of classical Lagrange interpolation polynomi-
als with the matrix of interpolation nodes P.L. Cheby-
shev.

The paper® set uniform convergence of trigono-
metric Fourier series for the 2 —periodic, functions of
theclassf € C(w 1[a,b]) N V (v)), where functions
o(f,0) are majorants classical modulus of continuity
ui(f, b) and module changes v(n, f).

Remark 2.8. From Theorem 2.1 it follows that if f;
€ C(wi[[ab]) N V*(vy), and f, € C(wj[[a,b]) N
V'(v,), and the two pairs of functions (v; w;), where i = 1,
2, satisfy the relation (2.2), that, although a linear com-
bination of f = af; + Bf, can non-belong to any of classes,
however because of the linearity of the operator C g (f, J,
will have the relate (2.3).

Remark 2.9. Each of the classes of functions:
Dini-Lipschitz limy_e o (f, %) Inn =0 (see®™, Corol-
lary 2), and satisfying the condition of Krylov (continu-
ous function of bounded variation), is a subset of func-
tional class, described by the terms (2.2).

Remark 2.10. If f & CJ[0,r] there are the relations

v f) < v(nf) <2 00 + Ifllcioms

—v "~ (n,f) < v(nf) <2(—v ~(, ) + Ifllcjons
Corollary 2.11. From Theorem 2.1 follow that

lim,_, ! (f, %) Inn =0 or lim,,, w" (f, %) Inn =0
ensure fairness (2.3).

Corollary 2.12. If a non-decreasing, concave func-
tion of natural argument v such that

- v(0)
< (2.32)
k=1
then for any function f € C[0,x] N V" (V)is true

ratio (2.3).

Proof. Indeed, from the continuity of f implies the
existence of a sequence of positive integers
{my}r-; such that lim,,,m,=c to and
limn_,oow(f,%) In m, =0 . Therefore, the conver-

gence of series (2.32) ensures that the condition (2.2) for
any function f, belonging to at one the classes of C[0,x]
N V¥ (v) or C[0,x] NV~ (v). The proof is complete.
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