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1. Introduction
Two well-known integer sequences are Pell and

Pell-Lucas sequences. Pell numbers defined by the re-

currence relation 

𝑝𝑛 = 2𝑝𝑛−1 + 𝑝𝑛−2

where the initial conditions 𝑝0 = 0  and 𝑝1 = 1 .

Pell-Lucas numbers satisfy the same recurrence relation, 

namely 

𝑞𝑛 = 2𝑞𝑛−1 + 𝑞𝑛−2

except the initial conditions  𝑞0 = 1 and 𝑞1 = 1.

Generating functions for the Pell sequence {𝑝𝑛}

and the Pell-Lucas sequence {𝑞𝑛} are

∑ 𝑝𝑛𝑥𝑛

∞

𝑛=0

=
𝑥

1 − 2𝑥 − 𝑥2
and ∑ 𝑞𝑛𝑥𝑛

∞

𝑛=0

=
2 − 𝑥

1 − 2𝑥 − 𝑥2

respectively. Binet formulas for the Pell and Pell-Lucas 

numbers are 

𝑝𝑛 =
𝛾𝑛 − 𝛿𝑛

𝛾 − 𝛿
  and  𝑞𝑛 =

𝛾𝑛 + 𝛿𝑛

2

where 𝛾 = 1 + √2 and 𝛿 = 1 − √2. These numbers are 

roots of the characteristic equation𝑥2 − 2𝑥 − 1 = 0. The

positive root γ is called “silver ratio” and its role is sim-

ilar to the golden ratio of Fibonacci numbers. Pell num-

bers have many interesting properties and we can refer 

to
[4]

 for details. 

Sir W.R. Hamilton introduced the quaternions to extend 

complex numbers in 1843. The set of quaternions is de-

noted by 

 : : , , , ,q q a bi cj dk a b c d      

where 𝑖, 𝑗, 𝑘 satisfy 

𝑖2 = 𝑗2 = 𝑘2 = −1, 𝑖𝑗 = −𝑗𝑖 = 𝑘, 𝑗𝑘 = −𝑘𝑗 = 𝑖, 𝑘𝑖

= −𝑖𝑘 = 𝑗. 

Quaternion algebra is a noncommutative division algebra. 

The conjugate and norm of a quaternion  

𝑞 = 𝑎 + 𝑏𝑖 + 𝑐𝑗 + 𝑑𝑘 are 

�̅� = 𝑎 − 𝑏𝑖 − 𝑐𝑗 − 𝑑𝑘 

and 

𝑁(𝑞) = 𝑞�̅� = �̅�𝑞 = 𝑎2 + 𝑏2 + 𝑐2 + 𝑑2

respectively.  
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In
[3]

, Horadam gave an idea about Pell and 

Pell-Lucas quaternions. After him, Cimen and Ipek
[2]

 

defined the Pell and Pell-Lucas quaternions as 

𝑄𝑝𝑛 = 𝑝𝑛 + 𝑖𝑝𝑛+1 + 𝑗𝑝𝑛+2 + 𝑘𝑝𝑛+3 

And 

𝑄𝑝𝑙𝑛 = 𝑝𝑙𝑛 + 𝑖𝑝𝑙𝑛+1 + 𝑗𝑝𝑙𝑛+2 + 𝑘𝑝𝑙𝑛+3 

where pn  and pln  are the nth Pell and Pell-Lucas 

numbers. They also gave a number of properties of these 

hyper-complex numbers including Binet formulas. Fol-

lowing them, Szynal-Liana and Wloch
[5]

 studied on these 

type of quaternions. They gave matrix representations 

and norms of Pell and Pell-Lucas quaternions. Catarino
[1]

 

introduced k-Pell and k-Pell-Lucas quaternions and gave 

some identities for these types of quaternions. Tokeser, 

Unal and Bilgici
[6]

 defined split Pell and Pell-Luas qua-

ternions over the split quaternion algebra. They gave 

many identities for these quaternions such as generating 

functions, Binet formulas, Catalan’s, Cassini’s, 

d’Ocagne’s identities. In all of these studies, successive 

Pell and Pell-Lucas numbers were chosen as the coeffi-

cients of the standard basis 1, i, j, k. The contribution of 

these study is to select these coefficients randomly. The 

most important coefficients for us will be the real part, 

namely the coefficient of 1. 

2. Preliminaries 
In this section, we begin with the definitions of un-

restricted Pell and Pell-Lucas quaternions. 

Definition 1. For any integers x, y, z and n, the nth 

unrestricted Pell and Pell-Lucas quaternions are de-

fined by 

𝑃𝑛
(𝑥,𝑦,𝑧)

≔ 𝑝𝑛 + 𝑖𝑝𝑛+𝑥 + 𝑗𝑝𝑛+𝑦 + 𝑘𝑝𝑛+𝑧       (1)                       

and 

𝑄𝑛
(𝑥,𝑦,𝑧)

≔ 𝑞𝑛 + 𝑖𝑞𝑛+𝑥 + 𝑗𝑞𝑛+𝑦 + 𝑘𝑞𝑛+𝑧     (2)                         

respectively. 

One can easily see that in the case (x, y, z) =

(1,2,3)  our definitions reduce standard Pell and 

Pell-Lucas quaternions. By using the identities 

𝑝−𝑛 = (−1)𝑛+1𝑝𝑛 and 𝑞−𝑛 = (−1)𝑛𝑞𝑛, we see that 

𝑃−𝑛
(𝑥,𝑦,𝑧)

= (−1)𝑛+1{𝑝𝑛 + (−1)𝑥𝑝𝑛−𝑥 + (−1)𝑦𝑝𝑛−𝑦

+ (−1)𝑧𝑝𝑛−𝑧} 

and 

𝑄−𝑛
(𝑥,𝑦,𝑧)

= (−1)𝑛{𝑞𝑛 + (−1)𝑥𝑞𝑛−𝑥 + (−1)𝑦𝑞𝑛−𝑦

+ (−1)𝑧𝑞𝑛−𝑧}. 

The unrestricted Pell and Pell-Lucas quaternions 

satisfy the following recurrence relations 

𝑃𝑛
(𝑥,𝑦,𝑧)

= 2𝑃𝑛−1
(𝑥,𝑦,𝑧)

+ 𝑃𝑛−2
(𝑥,𝑦,𝑧)

 and 𝑄𝑛
(𝑥,𝑦,𝑧)

=

2𝑄𝑛−1
(𝑥,𝑦,𝑧)

+ 𝑄𝑛−2
(𝑥,𝑦,𝑧)

.                       (3) 

 

Calculating process of generating functions of these 

types of hyper number sequences is very similar. So, we 

give the following theorem without proof. 

Theorem 2. We have 

𝑃(𝑥) = (𝑃_0^((𝑥, 𝑦, 𝑧) ) + 𝑥(𝑃_1^((𝑥, 𝑦, 𝑧) )

− 2𝑃_0^((𝑥, 𝑦, 𝑧) ) ))/(1 − 2𝑥

− 𝑥^2 ) 

 

and  

𝑄(𝑥) = (𝑄_0^((𝑥, 𝑦, 𝑧) ) + 𝑥(𝑄_1^((𝑥, 𝑦, 𝑧) )

− 2𝑄_0^((𝑥, 𝑦, 𝑧) ) ))/(1 − 2𝑥

− 𝑥^2 ) 

                                    

The following theorem gives Binet formulas for the 

unrestricted Pell and Pell-Lucas quaternions. 

Theorem 3. For any integer n, the nth unrestricted 

Pell and Pell-Lucas quaternions are 

𝑃𝑛
(𝑥,𝑦,𝑧)

=
�̂�𝛾𝑛−�̂�𝛿𝑛

𝛾−𝛿
                         (4)                

and 

𝑄𝑛
(𝑥,𝑦,𝑧)

= 𝛾𝛾𝑛 + �̂�𝛿𝑛                      (5)                  

where 𝛾 and 𝛿 are as mentioned above, and 

𝛾 = 1 + 𝑖𝛾𝑥 + 𝑗𝛾𝑦 + 𝑘𝛾𝑧 

and 

�̂� = 1 + 𝑖𝛿𝑥 + 𝑗𝛿𝑦 + 𝑘𝛿𝑧 . 

Proof. From the first recurrence relation in Eq.(3), we 

have 

𝑃𝑛
(𝑥,𝑦,𝑧)

= 2𝑃𝑛−1
(𝑥,𝑦,𝑧)

+ 𝑃𝑛−2
(𝑥,𝑦,𝑧)

 

= 2(𝑝𝑛−1 + 𝑖𝑝𝑛−1+𝑥 + 𝑗𝑝𝑛−1+𝑦 + 𝑘𝑝𝑛−1+𝑧)

+ (𝑝𝑛−2 + 𝑖𝑝𝑛−2+𝑥 + 𝑗𝑝𝑛−2+𝑦

+ 𝑘𝑝𝑛−2+𝑧) 

= 2𝑝𝑛−1 + 𝑝𝑛−2 + 𝑖(2𝑝𝑛−1+𝑥 + 𝑝𝑛−2+𝑥)

+ 𝑗(2𝑝𝑛−1+𝑦 + 𝑝𝑛−2+𝑦)

+ 𝑘(2𝑝𝑛−1+𝑧 + 𝑝𝑛−2+𝑧) 
= 𝑝𝑛 + 𝑖𝑝𝑛+𝑥 + 𝑗𝑝𝑛+𝑦 + 𝑘𝑝𝑛 + 𝑧 

=
1

𝛾 − 𝛿
[𝛾𝑛(1 + 𝛾𝑥 + 𝛾𝑦 + 𝛾𝑧) − 𝛿𝑛(1 + 𝛿𝑥 + 𝛿𝑦

+ 𝛿𝑧)]. 
The final equation gives Eq.(4). Eq.(5) can be proved 

similarly.  

We need the followings for later use. 

Lemma 4. We have 

𝛾�̂� = 𝜃 + 2√2𝜂(6) 
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and 

�̂�𝛾 = 𝜃 − 2√2𝜂(7) 

where 

𝜃 = −1 − (−1)𝑥 − (−1)𝑦 − (−1)𝑧 + 2𝑄0
(𝑥,𝑦,𝑧)

 

and 

𝜂 = 𝑖(−1)𝑧𝑝𝑦−𝑧 + 𝑗(−1)𝑥𝑝𝑧−𝑥 + 𝑘(−1)𝑦𝑝𝑥−𝑦 . 

Proof. From the definitions of 𝛾 and �̂�, we have 

𝛾�̂� = (1 + 𝑖𝛾𝑥 + 𝑗𝛾𝑦 + 𝑘𝛾𝑧)(1 + 𝑖𝛿𝑥 + 𝑗𝛿𝑦 + 𝑘𝛿𝑧) 

= 1 − (𝛾𝛿)𝑥 − (𝛾𝛿)𝑦 − (𝛾𝛿)𝑧

+ 𝑖(𝛾𝑥 + 𝛿𝑥 + 𝛾𝑦𝛿𝑧 − 𝛾𝑧𝛿𝑦)

+ 𝑗(𝛾𝑦 + 𝛿𝑦 + 𝛾𝑧𝛿𝑥 − 𝛾𝑥𝛿𝑧)  

+ 𝑘(𝛾𝑧 + 𝛿𝑧 + 𝛾𝑥𝛿𝑦 − 𝛾𝑦𝛿𝑥) 

= 1 − (−1)𝑥 − (−1)𝑦 − (−1)𝑧 + 𝑖𝑞𝑥 + 𝑗𝑞𝑦 + 𝑘𝑞𝑧

+ 𝑖(𝛾𝛿)𝑧(𝛾𝑦−𝑧 − 𝛿𝑦−𝑧)

+ 𝑗(𝛾𝛿)𝑥(𝛾𝑧−𝑥 − 𝛿𝑧−𝑥)

+ 𝑖(𝛾𝛿)𝑦(𝛾𝑥−𝑦 − 𝛿𝑥−𝑦) 

= −1 − (−1)𝑥 − (−1)𝑦 − (−1)𝑧 + 2𝑄0
(𝑥,𝑦,𝑧)

+ 2√2(𝑖(−1)𝑧𝑝𝑦−𝑧 + 𝑗(−1)𝑥𝑝𝑧−𝑥

+ 𝑘(−1)𝑦𝑝𝑥−𝑦).  

The last equation gives Eq.(6). Similarly, we can obtain 

Eq.(7).  

From Eqs. (6) and (7), we get the following useful rela-

tion 

𝛾�̂� + �̂�𝛾 = 2𝜃. 

3. Results 
In this section, we give a number or properties for 

the unrestricted Pell and Pell-Lucas quaternions. We start 

with the Vajda’s identities. 

Theorem 5. (Vajda’s İdentity) For any integers 

𝑛, 𝑟, 𝑠, 𝑥, 𝑦 and 𝑧, we have 

𝑃𝑛+𝑟
(𝑥,𝑦,𝑧)

𝑃𝑛+𝑠
(𝑥,𝑦,𝑧)

− 𝑃𝑛
(𝑥,𝑦,𝑧)

𝑃𝑛+𝑟+𝑠
(𝑥,𝑦,𝑧)

= (−1)𝑛𝑝𝑟(𝜃𝑝𝑠 −
2𝜂𝑞𝑠)                            (8) 

and 

𝑄𝑛+𝑟
(𝑥,𝑦,𝑧)

𝑄𝑛+𝑠
(𝑥,𝑦,𝑧)

− 𝑄𝑛
(𝑥,𝑦,𝑧)

𝑄𝑛+𝑟+𝑠
(𝑥,𝑦,𝑧)

= −(−1)𝑛2𝑝𝑟(𝜃𝑝𝑠 −
2𝜂𝑞𝑠).                                      (9) 

Proof. From the Binet formula for the unrestricted 

Pell quaternions, we have 

𝑃𝑛+𝑟
(𝑥,𝑦,𝑧)

𝑃𝑛+𝑠
(𝑥,𝑦,𝑧)

− 𝑃𝑛
(𝑥,𝑦,𝑧)

𝑃𝑛+𝑟+𝑠
(𝑥,𝑦,𝑧)

=
1

8
[(𝛾𝛾𝑛+𝑟 − �̂�𝛿𝑛+𝑟)(𝛾𝛾𝑛+𝑠

− �̂�𝛿𝑛+𝑠)

− (𝛾𝛾𝑛 − �̂�𝛿𝑛)(𝛾𝛾𝑛+𝑟+𝑠 − �̂�𝛿𝑛+𝑟+𝑠)] 

=
1

8
[−𝛾�̂�𝛾𝑛+𝑟𝛿𝑛+𝑠 + 𝛾�̂�𝛾𝑛𝛿𝑛+𝑟+𝑠 − δ̂𝛾𝛾𝑛+𝑠𝛿𝑛+𝑟

+ �̂�𝛾𝛾𝑛+𝑟+𝑠𝛿𝑛] 

=
(−1)𝑛

8
[−𝛾�̂�𝛾𝑟𝛿𝑠 + 𝛾�̂�𝛿𝑟+𝑠 − �̂�𝛾𝛾𝑠𝛿𝑟

+ �̂�𝛾𝛾𝑟+𝑠]          (by 𝛾𝛿 = −1) 

=
(−1)𝑛

8
[−(−1)𝑟(𝛾�̂�𝛿𝑠−𝑟 + �̂�𝛾𝛾𝑠−𝑟) + 𝛾�̂�𝛿𝑟+𝑠

+ δ̂𝛾𝛾𝑟+𝑠] 

=
(−1)𝑛

8
{−(−1)𝑟[(𝜃 + 2√2𝜂)𝛿𝑠−𝑟

+ (𝜃 − 2√2𝜂)𝛾𝑠−𝑟]

+ (𝜃 + 2√2𝜂)𝛿𝑟+𝑠

+ (𝜃 − 2√2𝜂)𝛾𝑟+𝑠} 

=
(−1)𝑛

8
[−(−1)𝑟(2𝜃𝑞𝑠−𝑟 − 8𝜂𝑝𝑠−𝑟) + 2𝜃𝑞𝑟+𝑠

− 8𝜂𝑝𝑟+𝑠] 

=
(−1)𝑛

8
{2𝜃[𝑞𝑟+𝑠 − (−1)𝑟𝑞𝑠−𝑟]

− 8𝜂[𝑝𝑟+𝑠 − (−1)𝑟𝑝𝑠−𝑟]}. 

If we substitute the identities 𝑝𝑟+𝑠 − (−1)𝑟𝑝𝑠−𝑟 =

2𝑝𝑟𝑞𝑠  and 𝑞𝑟+𝑠 − (−1)𝑟𝑞𝑠−𝑟 = 4𝑝𝑟𝑝2  into the last 

equation, we obtain Eq.(8). Eq.(9) can be obtained in a 

similar way.  

If we take 𝑠 = −𝑟 and use the identities 𝑝𝑟𝑝−𝑟 =

−(−1)𝑟𝑝𝑟
2 and 2𝑝𝑟𝑞−𝑟 = (−1)𝑟𝑝2𝑟, we obtain the Cat-

alan’s identity for the unrestricted Pell and Pell-Lucas 

quaternions as follows. 

Corollary 6. (Catalan’s İdentity) For any integers 

𝑛, 𝑟, 𝑥, 𝑦 and 𝑧, we have   

𝑃𝑛+𝑟
(𝑥,𝑦,𝑧)

𝑃𝑛−𝑟
(𝑥,𝑦,𝑧)

− [𝑃𝑛
(𝑥,𝑦,𝑧)

]
2

= (−1)𝑛+𝑟+1(𝜃𝑝𝑟
2 +

𝜂𝑝2𝑟)               (10) 

and 

𝑄𝑛+𝑟
(𝑥,𝑦,𝑧)

𝑄𝑛−𝑟
(𝑥,𝑦,𝑧)

− [𝑄𝑛
(𝑥,𝑦,𝑧)

]
2

= 2(−1)𝑛+𝑟(𝜃𝑝𝑟
2 +

𝜂𝑝2𝑟).               (11) 

If we take 𝑟 = 1 in Catalan’s identity, we obtain 

Cassini’s identities for the unrestricted Pell and 

Pell-Lucas quaternions. 

Corollary 7. (Cassini’s Identity) For any integers 

𝑛, 𝑥, 𝑦 and 𝑧, we have 

𝑃𝑛+1
(𝑥,𝑦,𝑧)

𝑃𝑛−1
(𝑥,𝑦,𝑧)

− [𝑃𝑛
(𝑥,𝑦,𝑧)

]
2

= (−1)𝑛(𝜃 + 2𝜂)                       

(12) 

and 
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𝑄𝑛+1
(𝑥,𝑦,𝑧)

𝑄𝑛−1
(𝑥,𝑦,𝑧)

− [𝑄𝑛
(𝑥,𝑦,𝑧)

]
2

= −2(−1)𝑛(𝜃 + 2𝜂).                    

(13) 

Another important identity is d’Ocagne’s identity. 

We give d’Ocagne’s identity for the unrestricted Pell and 

Pell-Lucas quaternions in the following theorem. 

Theorem 8. (d’Ocagne’s Identity) For any integers 

𝑚, 𝑛, 𝑥, 𝑦 and 𝑧, we have 

𝑃𝑚
(𝑥,𝑦,𝑧)

𝑃𝑛+1
(𝑥,𝑦,𝑧)

− 𝑃𝑚+1
(𝑥,𝑦,𝑧)

𝑃𝑛
(𝑥,𝑦,𝑧)

= (−1)𝑛(𝜃𝑝𝑚−𝑛 +

2𝜂𝑞𝑚−𝑛)               (14) 

and 

𝑄𝑚
(𝑥,𝑦,𝑧)

𝑄𝑛+1
(𝑥,𝑦,𝑧)

− 𝑄𝑚+1
(𝑥,𝑦,𝑧)

𝑄𝑛
(𝑥,𝑦,𝑧)

= −2(−1)𝑛(𝜃𝑝𝑚−𝑛 +

2𝜂𝑞𝑚−𝑛).             (15) 

Proof. From the Binet formula for the unrestricted 

Pell and Pell-Lucas quaternions, we have 

𝑃𝑚
(𝑥,𝑦,𝑧)

𝑃𝑛+1
(𝑥,𝑦,𝑧)

− 𝑃𝑚+1
(𝑥,𝑦,𝑧)

𝑃𝑛
(𝑥,𝑦,𝑧)

=
1

8
[(𝛾𝛾𝑚 − �̂�𝛿𝑚)(𝛾𝛾𝑛+1 − �̂�𝛿𝑛+1)

− (𝛾𝛾𝑚+1 − �̂�𝛿𝑚+1)(𝛾𝛾𝑛 − �̂�𝛿𝑛)] 

=
1

8
(−𝛾�̂�𝛾𝑚𝛿𝑛+1 − �̂�𝛾𝛾𝑛+1𝛿𝑚 + 𝛾�̂�𝛾𝑚+1𝛿𝑛

+ �̂�𝛾𝛾𝑛𝛿𝑚+1) 

=
(−1)𝑛

8
[𝛾�̂�(𝛾 − 𝛿)𝛾𝑚−𝑛 − �̂�𝛾(𝛾 − 𝛿)𝛿𝑚−𝑛] 

=
(−1)𝑛

2√2
[𝛾�̂�𝛾𝑚−𝑛 − �̂�𝛾𝛿𝑚−𝑛] 

=
(−1)𝑛

2√2
[(𝜃 + 2√2𝜂)𝛾𝑚−𝑛 − (𝜃 − 2√2𝜂)𝛿𝑚−𝑛] 

=
(−1)𝑛

2√2
[𝜃(𝛾𝑚−𝑛 − 𝛿𝑚−𝑛) + 2√2𝜂(𝛾𝑚−𝑛 − 𝛿𝑚−𝑛)]. 

After some simple elementary operations, we obtain 

Eq.(14). The other identity can be proved similarly.  

Finally, we give a number of properties of the unre-

stricted Pell and Pell-Lucas quaternions in the following 

theorem without proof. 

Theorem 9. For any 𝑚, 𝑛, 𝑥, 𝑦 and 𝑧, we have 

𝑃𝑚+𝑘
(𝑥,𝑦,𝑧)

= 𝑃𝑚
(𝑥+𝑘,𝑦+𝑘,𝑧+𝑘)

, 

𝑄𝑚+𝑘
(𝑥,𝑦,𝑧)

= 𝑄𝑚
(𝑥+𝑘,𝑦+𝑘,𝑧+𝑘)

, 

𝑃𝑚
(𝑥,𝑦,𝑧)

+ 𝑃𝑚−1
(𝑥,𝑦,𝑧)

= 𝑄𝑚
(𝑥,𝑦,𝑧)

, 

𝑄𝑚
(𝑥,𝑦,𝑧)

+ 𝑄𝑚−1
(𝑥,𝑦,𝑧)

= 2𝑃𝑚
(𝑥,𝑦,𝑧)

, 

𝑃𝑚
(𝑥,𝑦,𝑧)

+ 𝑄𝑚
(𝑥,𝑦,𝑧)

= 𝑃𝑚+1
(𝑥,𝑦,𝑧)

, 

𝑃𝑚+1
(𝑥,𝑦,𝑧)

+ 𝑃𝑚−1
(𝑥,𝑦,𝑧)

= 2𝑄𝑚
(𝑥,𝑦,𝑧)

, 

𝑄𝑚+1
(𝑥,𝑦,𝑧)

+ 𝑄𝑚−1
(𝑥,𝑦,𝑧)

= 4𝑃𝑚
(𝑥,𝑦,𝑧)

, 

[𝑄𝑚
(𝑥,𝑦,𝑧)

]
2

− 2 [𝑃𝑚
(𝑥,𝑦,𝑧)

]
2

= 2(−1)𝑚𝑄0
(𝑥,𝑦,𝑧)

, 

𝑄𝑚+𝑛
(𝑥,𝑦,𝑧)

+ (−1)𝑛𝑄𝑚−𝑛
(𝑥,𝑦,𝑧)

= 2𝑞𝑛𝑄𝑚
(𝑥,𝑦,𝑧)

, 

𝑃𝑚+𝑛
(𝑥,𝑦,𝑧)

+ (−1)𝑛𝑃𝑚−𝑛
(𝑥,𝑦,𝑧)

= 2𝑞𝑛𝑃𝑚
(𝑥,𝑦,𝑧)

, 

𝑃𝑚−𝑛
(𝑥,𝑦,𝑧)

= (−1)𝑛(𝑝𝑛−1𝑃𝑚
(𝑥,𝑦,𝑧)

− 𝑝𝑛𝑃𝑚−1
(𝑥,𝑦,𝑧)

). 
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