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ABSTRACT

In this study, we define the unrestricted Pell and Pell-Lucas quaternions. We give generating functions, Binet for-

mulas and some generalizations of well-known identities such as Vajda’s, Catalan’s, Cassini’s d’Ocagne’s identities.
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1. Introduction
Two well-known integer sequences are Pell and
Pell-Lucas sequences. Pell numbers defined by the re-
currence relation
Pn = 2Pp-1 + P
where the initial conditions p, =0 and p, =1.
Pell-Lucas numbers satisfy the same recurrence relation,
namely
Gn = 2Qn-1 + Gn_2
except the initial conditions
Generating functions for the Pell sequence {p,}
and the Pell-Lucas sequence {gq,} are

Go=1and ¢, =1.
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respectively. Binet formulas for the Pell and Pell-Lucas
numbers are

where ¥y = 1++/2and § = 1 — V2. These numbers are

roots of the characteristic equationx? — 2x — 1 = 0. The
positive root y is called “silver ratio” and its role is sim-
ilar to the golden ratio of Fibonacci numbers. Pell num-
bers have many interesting properties and we can refer
to!! for details.

Sir W.R. Hamilton introduced the quaternions to extend
complex numbers in 1843. The set of quaternions is de-
noted by

H:={q:q=a+bi+cj+dk, a,b,c,d eR}

where i,j, k satisfy

i2=j2=k*=-1,ij = —ji = k, jk = —kj = i, ki
=—ik=]j.

Quaternion algebra is a noncommutative division algebra.

The conjugate and norm of a quaternion

q=a+bi+cj+dk are

q=a—bi—cj—dk

and

N(q) =q7 =qq =a*+b%*+c?+d?

respectively.
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In®l, Horadam gave an idea about Pell and
Pell-Lucas quaternions. After him, Cimen and Ipek!
defined the Pell and Pell-Lucas quaternions as
QPn = DPn + iPns1 + jPnsz + kPnys
And
Qply = ply + iplyyy +jpluyz + kplyys
where p, and pl, are the nth Pell and Pell-Lucas
numbers. They also gave a number of properties of these
hyper-complex numbers including Binet formulas. Fol-
lowing them, Szynal-Liana and Wloch!® studied on these
type of quaternions. They gave matrix representations
and norms of Pell and Pell-Lucas quaternions. Catarino"
introduced k-Pell and k-Pell-Lucas quaternions and gave
some identities for these types of quaternions. Tokeser,
Unal and Bilgici® defined split Pell and Pell-Luas qua-
ternions over the split quaternion algebra. They gave
many identities for these quaternions such as generating
functions, Binet formulas, Catalan’s, Cassini’s,
d’Ocagne’s identities. In all of these studies, successive
Pell and Pell-Lucas numbers were chosen as the coeffi-
cients of the standard basis 1,i,j, k. The contribution of
these study is to select these coefficients randomly. The
most important coefficients for us will be the real part,

namely the coefficient of 1.

2. Preliminaries

In this section, we begin with the definitions of un-
restricted Pell and Pell-Lucas quaternions.

Definition 1. For any integers x,y,z and n, the nth
unrestricted Pell and Pell-Lucas quaternions are de-
fined by

Pn(XIyIZ) = Pn + WPnix + JPnty + kDnsz (1)

and
NP = G Qe+ Gy + KGnes ()
respectively.

One can easily see that in the case (x,y,z) =
(1,2,3) our definitions reduce standard Pell and
Pell-Lucas quaternions. By wusing the identities
p_n, = (—1D)™1p, and q_, = (—1)"q,, we see that

P—(fl'y'Z) = (_1)n+1{pn + (_1)xpn—x + (_1)ypn—y

+ (_1)an—z}

and

Qgiiy’Z) = (_1)n{qn + (_1)an—x + (_1)YQn—y
+ (=1)7qy—,}.

The unrestricted Pell and Pell-Lucas quaternions

satisfy the following recurrence relations
POYP = 2p&Y? 4 p&YD and QY =
20057 + Q. 3)
Calculating process of generating functions of these
types of hyper number sequences is very similar. So, we
give the following theorem without proof.
Theorem 2. We have
P(x) = (P0"((x,y,2) ) + x(P_1"((x,y,2) )
= 2P 0"((x,y,2))))/(1 - 2x
—_ xl\z )

and
Q(x) = (Q0"((x,y,2) ) + x(Q_1"((x,y,2) )

—2Q.0"((x,y,2))))/(1 = 2x
—x"2)

The following theorem gives Binet formulas for the
unrestricted Pell and Pell-Lucas quaternions.

Theorem 3. For any integer n, the nth unrestricted
Pell and Pell-Lucas quaternions are

Prfx,y,z) _ ]7Yy:§5 4)
and
w0 = gy 4 Son 5)

where y and § are as mentioned above, and
P=1+iy*+jyY +ky*
and
8§ =1+i8%+j6Y + ké*.

Proof. From the first recurrence relation in Eq.(3), we
have
RV = apfy 4 Py
= z(pn—l + iPn-14x +jpn—1+y + kpn—1+z)

+ (Pn—z + ipn—2+x +jpn—2+y

+ kpn—2+z)
= 2Pn—1 + Pnz + i(2Pp—14x t Pn-24x)

+j(2pn—1+y + pn—2+y)

+ k(zpn—1+z + pn—2+z)
=Dn + iPnix +jpn+y +kp, +2
=y%[y”(1 +y*+yY +y?H) -1+ 6+ 67

+ 69)].
The final equation gives Eq.(4). Eq.(5) can be proved
similarly.

We need the followings for later use.
Lemma 4. We have
76 = 6 + 2v/2n(6)



and
=6 — 2v/2n(7)
where
0 =—1—(=1)" — (-1)¥ = (=1)% + 2Q5?
and
n=1i(=1"py— +j(=1)"psx + k(=1)"px_y.
Proof. From the definitions of 7 and &, we have
=@ +iy*+jyY +kyH) A +i6* +j6Y + k6%
=1-(¥8)* - (¥6)” — (yv6)*
+i(y* + 6 +yYoZ —yZ6Y)
+jly? + 87 +yi8* —y*5%)
+ k(yZ+ 6% +y*6Y —yY6¥)
=1-(1D*"= (-1 = (-D*+iqx +jqy + kq,
+i(yo)* (¥ - 6¥7%)
+j&) (v —6777)
+i(y6) (v = 6%7)
= —1— (-1 = (=1)? = (—1)7 + 2Q5"*
+2V2(i(=1)%py—, + j(=1)*p,—s
+ k(—l)ypx_y).
The last equation gives Eq.(6). Similarly, we can obtain
Eq.(7).
From Egs. (6) and (7), we get the following useful rela-
tion
78+ 67 =
3. Results
In this section, we give a number or properties for
the unrestricted Pell and Pell-Lucas quaternions. We start
with the Vajda’s identities.
Theorem 5. (Vajda’s Identity) For any integers
n,r,s,x,y and z, we have

PvfiryZ)PéisyZ) P(xyZ)Pn(iryfs) (=D"p,(0ps —
2nqs) (8)
and
QU QYN — QYUY = —(=1)"2p, (Ops —
2n4s). 9)

Proof. From the Binet formula for the unrestricted

Pell quaternions, we have
P(xYZ)P(xYZ) P(XJ/Z)P(JCJ/Z)

n+r  ‘n+s n+r+s
— g [(?ynﬂ* _ 5"5n+r)(?yn+s
_ 86n+s)

_ (}f;yn _ San)(?yn+r+s _ 6"6n+r+s)]

[ 5" ntrgnts 4 ?Syn5n+r+s _ S}f/\yn+56n+r

CDID—\

+ é‘?yn+r+56n]
_& 1)"

[ V6Vr6s+]/66r+s 8?]/551”

+épy™] (yys=-1)

_& 1)”

[ ( I)T(V(S(SS r+6]/]/s r)+y55r+s

+ S?YT_H]
_& 1)"

{(—(-Dr[(6 +2v2n)s5T

+ (0 — 2v2n)ys]
+ (6 + 2v2n)57+
+ (0 — 2v2n)y™*s}

= (_; N [-(=D)"(20qs5— — 8NDs—) + 260y
— 81Pr+s]
= E 2014,1 - - 17q,)
= 8n[prss — (=D)"ps—r1}:

If we substitute the identities p,,s — (—1)"ps_, =
2prqs and qrys — (=1)"qs_, = 4p,p, into the last
equation, we obtain Eq.(8). Eq.(9) can be obtained in a
similar way.

If we take s = —rand use the identities p,p_, =
—(—1)"p? and 2p,q_, = (—1)"p,,, We obtain the Cat-
alan’s identity for the unrestricted Pell and Pell-Lucas
quaternions as follows.

Corollary 6. (Catalan’s identity) For any integers
n,r,x,y and z, we have

2
Pn(iTyZ)P(xyZ) [Pn(x,yz)] = (=)™ (0p2 +
NPar) (10)
and
00w - o] = 20t +

NP2r)- (11)
If we take r =1 in Catalan’s identity, we obtain

Cassini’s identities for the unrestricted Pell and
Pell-Lucas quaternions.
Corollary 7. (Cassini’s Identity) For any integers
n,x,y and z, we have
P(X}’Z)P(Xyz)

n+1 n—

[Pn(x.y.z)]z = (-1)"(0 + 21)
(12)

and



QUPQw? — [f®]" = —2(~1)"(6 + 2m).

(13)

Another important identity is d’Ocagne’s identity.

We give d’Ocagne’s identity for the unrestricted Pell and
Pell-Lucas quaternions in the following theorem.

Theorem 8. (d’Ocagne’s Identity) For any integers

m,n,x,y and z, we have
Prglx,yz) Pn(i,i’z) _ ply2) Pﬂfx.yz) = (=)™ (Opmn +

m+1
2Nqm-n) (14)
and
O~ eI = ~2(-1)" Oppn +
21 qm—n)- (15)

Proof. From the Binet formula for the unrestricted
Pell and Pell-Lucas quaternions, we have
P(x,y,z) P(x,y,z) _ P(x,y,z) P(x,y,z)

m n+1 m+11 n
— g [(?ym _ ng)(?yn+1 _ 86n+1)
_ (?ym+1 _ 6"5m+1)()7yn _ 6"611)]
(_?Symgrwl _ S?yn+16m + ?Sym+16n
+ S?yn5m+1)
=5 [7P8( = &)y = 89y — 5)5m ]

-n" . . A
— ( ) [?Sym—n _ S?é‘m—n]

Z\Fn

= % [(6 + 2v2n)y™™ — (6 — 2vV2n)6™ "]
—-1)"

= (2 \/% [6G™™ — 6™ + 2V2n(y™ ™ — 6™ ).

After some simple elementary operations, we obtain
Eqg.(14). The other identity can be proved similarly. [

Finally, we give a number of properties of the unre-
stricted Pell and Pell-Lucas quaternions in the following
theorem without proof.

Theorem 9. For any m, n, x,y and z, we have
xy.2) _ px+ky+k,z+k)
P - Pm ]

m+k

(x,y,2) _ Ax+ky+k,z+k)
e = (32 _ v
(x,y.,2) xy.z) _ nxyz
Pm +Pm—1 — ¥m ’

T(:lc,yz) +0Q r(rf;in) =2 Prgx,yz),
Prglx.y.Z) + Qr(ralc.yz) = pwy.z)

m+1

PCP 4RI = 20577,
Qi + Q2" = 4P,

2 2
02| = 2[P?] = 2(-1ymQf?,
Q(x.y.Z) + (=D (yz) _ o In (xy.2)

m+n m-n m 1
Pin® + (CD"PR = 2,0,

BT = (FD" (Puca P = paBi™).
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