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ABSTRACT 

We have studied the effect of the series resistance on the heating of the cathode, which is based on carbon nano-

tubes and serves to realize the field emission of electrons into the vacuum. The experiment was performed with the sin-

gle multi-walled carbon nanotube (MCNT) that was separated from the array grown by CVD method with thin-film 

Ni-Ti catalyst (nickel 4 nm/Ti 10 nm). The heating of the cathode leads to the appearance of a current of the thermionic 

emission. The experimental voltage current characteristic exhibited the negative resistance region caused by thermal 

field emission. This current increases strongly with increasing voltage and contributes to the degradation of the cold 

emitter. The calculation of the temperature of the end of the cathode is made taking into account the effect of the phe-

nomenon that warms up and cools the cathode. We have developed a method for processing of the emission volt-ampere 

characteristics of a cathode, which relies on a numerical calculation of the field emission current and the comparison of 

these calculations with experiments. The model of the volt-ampere characteristic takes into account the CNT’s geometry, 

properties, its contact with the catalyst, heating and simultaneous implementation of the thermionic and field emission. 

The calculation made it possible to determine a number of important parameters, including the voltage and current of 

the beginning of thermionic emission, the temperature distribution along the cathode and the resistance of the nanotube. 

The phenomenon of thermionic emission from CNTs was investigated experimentally and theoretically. The conditions 

of this type emission occurrence were defined. The results of the study could form the basis of theory of CNT emitter’s 

degradation. 
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1. Introduction 

The carbon nanotubes (CNTs) have the important practical prop-

erties such as high electrical and thermal conductivity, suitable me-

chanical properties, and ability to absorb and emit electromagnetic 

waves
[1]

. Scientists from all over the world have developed the variety 

of convenient technological methods for producing CNTs, which pro-

motes the development of studies of this allotropic form of carbon. At 

present, various practical applications of nanotubes are shown, includ-

ing field-effect transistors, lithium-ion batteries, radiation receivers, 

interconnections of integrated microcircuits, conductive composites, 

etc.
[1]

 CNTs have a small diameter. For the case with single-walled 

CNT, it is from 0.8 to 1.5 nm; for multi-walled CNT — from units to 

tens nanometers, CNT’s diameter is much  less than their 
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length (large aspect ratio), which results in en-

hancement of the electric field near the CNT’s tip 

and contributes to field emission. Several papers 

that appeared in 1995 described the phenomenon of 

field emission in CNTs
[2-4]

. This phenomenon 

formed the basis for a number of important applica-

tions from the point of view of practical applica-

tions: flatscreens
[5,6]

, miniature X-ray tubes
[7,8]

, 

light-emitting devices
[9,10]

, miniature vacuum 

lamps
[11,12]

, terahertz amplifiers
[13,14]

, and high-freq- 

uency vacuum switches
[15]

. 

For widespread use of field emission (FE), it is 

necessary to study the possibility of achieving high 

emission current densities and stability of this pro-

cess. These issues are discussed in detail foremost 

from the theoretical point of view, in particular, the 

necessary information can be found in the re-

views
[16,17]

. 

Voltage-current characteristic of cold cathode 

in the region of prevalence of field emission current 

is generally described by Fowler-Nordheim formula. 

Detailed analysis of this model and its transition to 

the region of thermionic emission was carried out in 

the studies of Rupesinghe et al., Eletskii, Bocharov 

& Eletskii, and Murphy
[15,18]

. The calculations of 

field-emission current for CNT were shown in sev-

eral studies, for example, in the studies of Rupesin- 

ghe et al., Eletskii, Bocharov & Eletskii, Murphy, 

as well as Mayer & Lambin
[15-19]

. Fowler-Nordheim 

dependence in usable form has a formula
[20]

: 
 

 

(1) 

 

 

where:            ,       ,               ,  

 

 

, e is elementary charge (C); h is 

Plank constant (Js); E is the local electric field 

strength near the emitting surface (V/m);  is work 

function of an electron from a CNT (J); m is 

free-electron mass; J is current density of the FE 

(A/m
2
). t(y0) И v(y0) are weakly varying functions 

that can be taken equal to unity without increasing 

the error in determining the work function. We can 

neglect the weak power dependence of the func-

tions t(y) and (y) by setting t(y)1 and (y)1. This 

condition allows us to obtain the following formula 

for calculating of the work function: 
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where: [] = eV; [E] = V/m; [J] = А/m
2
. 

The experimental results are often represented 

in the Fowler-Nordheim coordinates: ln (J/E
2
) = 

f(1/E). A straight line approximates these results and 

the work function is calculated from the slope of 

which. The amount of the calculation these work 

function depends on the choice of the initial and 

final electric field strengths, which specify the re-

gion of the current-voltage characteristic. In gener-

ally, this choice is not motivated. Therefore, the 

result of calculating contains significant systematic 

errors. 

Even in the first papers devoted to field emis-

sion, it was found that CNT’s tip is heated by flow 

of field-emission current, and its temperature is 

proportional to the square of the current density
[19,21]

, 

which is quite obvious in accordance with the 

Joule-Lenz law. Models that are more complex 

were considered in the studies of Bocharov et al.
[16]

 

and Murphy et al.
[17]

 

A single nanotube has a rather large thermal 

resistance. This resistance prevents the release of 

heat into the substrate with which the lower end of 

the nanotube is connected. CNT’s tip heating leads 

to thermionic emission current, which may be large 

and even exceed the field emission current. Moreo-

ver, the resistance of CNT’s changes the volt-

age-current characteristic as a function of tempera-

ture and current value due to an additional voltage 

drop. CNT’s resistance makes a definite contribu-

tion to the form of the voltage-current characteristic, 

taking part of the voltage to itself at high current 

densities. Thus, CNT’s resistance leads to a devia-

tion of the experimental results from Ed. (1). 

Therefore, when researchers involve only Fowler- 

Nordheim dependence to determine the work func-

tion, they admit two systematic errors: firstly, ther-

mionic emission is neglected, and, secondly, they 
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don’t take into account the voltage drop on the 

nanotube. 

In this paper, the emission currents of a single 

multi-walled nanotube have been studied experi-

mentally in a wide range of current values. The au-

thors have revealed deviations of the current-volta- 

ge characteristic from the Fowler-Nordheim de-

pendence. Moreover, the calculation of the temper-

ature of CNT’s heating has been carried out, and the 

conditions under which the nanotube resistance and 

the thermionic emission current have a significant 

effect on the voltage-current characteristic shape 

were analyzed, and the algorithm for CNT parame-

ters calculating was presented, namely, the electri-

cal resistance, the dependence of the CNT heating 

temperature from the current value. 

2. Experimental results 

Carbon nanotubes were grown by the chemical 

vapor deposition (CVD) method in Plasmalab Sys-

tem 100 (Oxford Instruments) on silicon substrate 

on which a catalyst was deposited consisting of a 

two-layer metal film: titanium 10 nm and nickel 2 

nm. The film of the catalyst was covered with sili-

con oxide, in which windows were opened with a 

diameter of 0.7 μm. The CNT growth was carried 

out by CVD method. Gas flow consisted of an acet-

ylene with addition of ammonia in a 3:1 ratio rate. 

It was constant during the growth process. The 

synthesis temperature was 600°C. As a result, single 

multi-walled carbon nanotubes 2-3 μm in height 

were obtained (Figure 1). 

 

Figure 1. SEM image of single multi-walled carbon nanotube 

(cathode) and tungsten tip (anode). 

The measurements were carried out in a high 

vacuum in the chamber of two-beam FEI Helios 

NanoLab 650i system. A measuring electron mi-

croscope could obtain images with a resolution of 

not worse than 0.7 nm at an accelerating voltage of 

not more than 1 kV. The pressure in the measuring 

chamber was 510
-5 

Pa. In this chamber there was a 

probe system Kleindiek Nanotechnik with 4 sepa-

rate independent manipulators that can operate at 

voltages up to 150 V. Each probe had its own coax-

ial connector. For current-voltage measurements on 

DC currents, a programmable two-channel source- 

meter Source Meter 2634B from Keithley was used. 

This device can measure currents up to 10
-15 

A. It is 

equipped with special shielded three axial leads 

with the function of ultra-low currents compensa-

tion. The input impedance of source-meter (over 

100 Volts) provides a minimum level of the intro-

duced distortions and errors in tested circuits during 

the measurements for this class of instruments. 

The voltage-current characteristic of emission 

current of the single multi-walled CNT is shown in 

Figure 2. It was the starting point for further pro-

cessing. The electrical circuit in which the emission 

current flows is shown in the inset of Figure 2. This 

current consists of two components: its nonlinear 

resistance characterizes field emission and thermi-

onic emission, each of these processes (RFE and RTE). 

The total voltage applied to the circuit (U) is com-

posed of the sum of the voltages, one of which falls 

on the resistance of the nanotube (UR), and the other 

one — on the nonlinear resistance of the emitting 

tip of the nanotube (UE). We must divide the current 

of the current-voltage characteristic into two com-

ponents. One component is the field emission cur-

rent, and the second component is the thermionic 

current. These components are determined by the 

following sequence of actions: 

1) The field emission current is calculated (the 

calculations are shown in the following subsection). 

The work function is selected in such way that the 

field-emission current coincides with the initial sec-

tion of the experimental voltage-current characteris-

tic (Figure 2). This calculation allows us to deter-

mine UE. 
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Figure 2. Voltage-current characteristic of the emission current 

of the single multi-walled CNT: 1 — experimental; 2 — mod-

eling by formula; Top corner: equivalent circuit of CNT. 

2) The voltage of the model curve, there is a 

deduction from the voltage of the experimental 

curve for each current value. The difference of these 

voltages makes it possible to determine UR (Figure 

2), to construct the current-voltage characteristic of 

the series resistance of a carbon nanotube and cal-

culate this resistance R=10 MΩ. Then the model 

value of the voltage drop across the series resistance 

of a nanotube is: UR =I·R. 

3) We are conducting the second stage of 

modeling the volt-ampere characteristic. The total 

theoretical voltage (Ut), which should be on the 

emission system, is calculated as the sum of the 

voltage on the nonlinear resistance of the emitting 

tip of the nanotube (UE) and the series resistance 

(UR). We calculate the difference between the theo-

retical and experimental voltage drops at each cur-

rent value: Ut－U=UE＋UR－U. The result is a volt-

age-current characteristic of the section, which 

contains two parallel non-linear resistances (RFE and 

RTE). The result of the transformations is shown in 

Figure 3. This figure shows the initial experimental 

current Ed. (1); field emission current Ed. (2); the 

experimental section of negative resistance Ed. (3). 

The voltage reaches a critical value (Uc) at a critical 

value of the current (Ic). Further increases of the 

current leads to a heating of the nanotube, as a re-

sult of which, the resistance for the thermionic cur-

rent decreases. This leads to a decrease in voltage 

drop across the parallel connection section of non-

linear resistances. The voltage at the end of the 

nanotube, which emits electrons, falls and the emis-

sion current decreases. It is evident that when 

CNT’s tip is heated to a certain critical temperature, 

a thermionic emission current appears, and the 

voltage at the emitting end (UE) falls. A section of 

negative resistance is present, then: I＞Ic. The cur-

rent that exceeds the critical region is thermionic in 

fact. The field emission current does not exceed the 

critical current. 

Thus, the thermionic current component dom-

inates when the total current density exceeds a crit-

ical value. This is because the end of the tube is 

heating when the current flows. The temperature of 

the end of the tube grows. Its temperature can reach 

several thousand degrees. This temperature leads to 

CNT destruction and the emission current degrades. 

The phenomenon of degradation of the field emis-

sion current is due to overheating of the nanotube. 

Below, we will carry out the necessary calculations 

to determine the conditions under which the emis-

sion process will be stable. 

3. Modeling 

3.1. Calculation of the currents of the field 

emission of a carbon nanotube (CNT) 

The efficiency of field emission depends es-

sentially on the electric field strength near the emit-

ting surface. Therefore, the electric field strength 

requires an exact calculation. The calculation is car-

ried out in two stages: first, the potential distribu-

tion and the magnitude of the electric field at the 

end of the tube are calculated; secondly, the current 

density of the cathode is calculated. The calculation 

of the electric field potential distribution is carried 

out in the classical approximation. We applied a 

model in which a CNT is a solid body of cylindrical 

shape. The end of this body represents a hemisphere 

(CNT with a closed end) or half a torus (CNT with 

an open end). This body has a metallic type of con-

ductivity. The potential of the electric field is 

found by solving the 3-dimensional Laplace equa-

tion in the boundary element with the conditions 

given on its boundary. The solution of the Laplace 

equation was found by the boundary element 
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method, which is described in detail in the studies 

of Banerjee & Butterfield and Brebbia et al.
[22, 23]

. 

This method involves splitting the surface of a sol-

id body into triangular elements and forming the 

computational grid. Then the boundary conditions 

are given on its boundaries. As a result, instead of 

solving the integral equation, a system of linear al-

gebraic equations is solved. By solving, we obtain 

the coefficients required for calculating the poten-

tials in corresponding space points of emission sys-

tem. 

 

Figure 3. Current-Voltage characteristics of the investigated 

CNT: 1 — experimental I-V characteristic; 2 — modeling I-V 

characteristic (Ed. 3); 3 — I-V characteristic of the section, 

which contains two parallel non-linear resistances (RFE and 

RTE). 

Partitioning of the boundary surface to bound-

ary elements (BE), on the one hand, need to be qui-

et detailed to consider all special aspects of surface 

and on the other hand should not exceed a certain 

value due to the computing power used by the 

computer (memory capacity, processing speed). 

Based on these conditions, in this case, the en-

tire boundary surface is divided into 20000–30000 

triangular BE. 

Electric field strength distribution must be 

calculated near all points of the CNT surface, since 

the cathode current is caused not only by emission 

from its end, but also from regions near it. Figure 4 

shows the emission system under investigation con-

sisting of a single CNT (cathode) and an anode 

electrode, as well as its idealized model, which was 

later used to calculate the distribution of the electric 

field and the field emission current. 

 

Figure 4. Model of a single CNT (cathode) and an anode elec-

trode. 

Geometric parameters of the calculation were 

obtained as a result of determining the size of a real 

experimental system, which is shown in Figure 4. 

А system of equipotential surfaces was ob-

tained after the implementation of the above men-

tioned calculation algorithm. The electric field 

strength was calculated as the potential gradient 

near the surface. 

The cathode current is the sum of the current 

of the total boundary elements. Electrons, which are 

emitted by these elements, moved along a certain 

trajectory and, at the end of their path, hit the anode. 

The motion of an electron along a trajectory causes 

the formation of an elementary electric current. The 

sum of these currents over the area of the cathode 

creates an emission current (cathode current), as 

well as the components of this current that fall on 

other elements of the emission system (anode cur-

rent, leakage current, etc.). Such approach is per-

missible on the basis of an estimate of the electron 

velocity in the system. The velocity of an electron 

in the corresponding electric field can be estimated 

from the law of energy conservation: 

2

2
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, 

Where: C is light velocity; m0 is electron rest mass; 

U is accelerating voltage between cathode and an-

ode. In the experiments, U did not exceed 150 V, 

therefore V  5·10
6 
m/s. 

Thus, the electron velocity is much smaller 
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than the speed of light, so they move with nonrela-

tivistic velocities and the laws of classical mechan-

ics can be used to calculate their trajectories of mo-

tion. We will assume that the Coulomb force acts on 

the electron, which must be used in the motion 

equation. The numerical integration was done by 

Euler’s method
[24]

. It should be noted that in the 

case of random cathode geometry (not flat) in Eqs. 

(1) and (2), E is understood as the field strength 

near the surface of the emitting elementary cathode 

pad, rather than the average value obtained by di-

viding the applied voltage by the distance between 

the anode and the cathode. When calculating the 

field-emission current from a single CNT, it is as-

sumed that each BE of the cathode emits a current Ii, 

which is defined as Ii =JiSi , where Ji is the current 

density of the i-th BE of cathode, Si is the surface 

area of the i-th cathode BE (the surface area of the 

entire cathode S=∑Si ). The current density Ji is 

calculated from the Fowler-Nordheim Ed. (1), in 

which the electric field strength Ei is taken from the 

solution of the Laplace equation for a given initial 

point at the center of each i-th BE. Then the total 

field emission current of the cathode is found by 

summing the currents over all sites Si: 
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3.2. Calculation of the heating temperature 

of the end of a single carbon nanotube 

The nanotube is heated when an electric cur-

rent flows in it. Its temperature is not the same at its 

two ends. It is assumed that the temperature of the 

nanotube end, which is in contact with the substrate, 

is equal to the temperature of the substrate. The 

temperature of the opposite end was calculated by 

solving the heat-transfer equation taking into ac-

count the radiative cooling and the release of heat, 

which is caused by the current flow 
[21,25]

: 

  0
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Where:            is cross-section area of CNT; 

r is outer radius of CNT; r0 is inner radius of CNT; 

k(T) is coefficient of heat conductivity along the 

CNT axis; T=T(X) is the temperature along the 

CNT axis; T0 is the temperature of surrounding bod- 

ies (substrate); L is length of CNT; R(T)/L is elec-

trical resistance of a unit length of CNT; η is the 

coefficient of the grayness of the thermal radiation 

of CNT (η＜1) in our case, which was taken equal 

to 0.9; )/(1067.5 428 KmW is Stefan-Boltz- 

mann constant; I is the current flowing through 

CNT (emission current). The boundary conditions 

for equation (4) have the formula: 

.0
)(

,)0( 0 
dx

LdT
TT

               (5) 

In the study of Vincent et al. 
[21]

, the analytical 

solution of Ed. (4) was obtained in the absence of 

radiative cooling and provided that the thermal 

conductivity coefficient k, as well as the resistance 

R of the nanotube, which do not depend on temper-

ature. However, for the case with CNTs there is a 

temperature dependence of k and R, therefore the 

results of Vincent et al.’s study
[21]

 should be con-

sidered as approximate. It was assumed in Bo-

charov & Eletskii’s study
[25]

 that the thermal con-

ductivity coefficient k and the resistance R are de-

scribed by power functions of temperature. For the 

case: k=aT
3
, R=bT

4
+c in Bocharov & Eletskii’s 

study
[25]

, an analytic solution of Ed. (4) was ob-

tained. In the study of Bocharov et al.
[26]

, it was as-

sumed that:               ,                ， 

where  is an adjustable parameter, and equation (4) 

was solved numerically.  

However, power-law dependence with the 

form  for the thermal conductivity coeffi-

cient occurs only at temperatures below the Debye 

characteristic temperature
[27]

. At high temperatures, 

due to the anharmonicity of long-wave oscillations 

and other causes, the thermal conductivity of a sol-

id body decreases according to the law1/T, namely 

in the study of Ziman
[27]

: 

                       

 

   (6)  

Where:  is Debye temperature. The energy of the 

Debye phonon of carbon nanotubes is 0.103 eV
[28]

. 

Accordingly, the Debye temperature is =1190K. It 

is the dependence that dominates in the high- 

temperature region, when thermionic emission is 

possible. Therefore, for calculating the heating of 
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the nanotube, the dependence Ed. (6) was chosen. 

The correct calculation of the temperature of 

nanotubes should be taken into account both their 

heating due to Joule heat, and cooling due to the 

Notingham effect
[29]

. The Nottingham effect is 

manifested in the cooling of the cathode. This effect 

is the result of the difference between the average 

energy of the electrons that leave the cathode and 

the electrons from the volume of the nanotube that 

takes their place. The electron that leaves the CNT 

carries away from the nanotube energy equal to the 

average energy of the thermal motion (3/2)kBT
 [30]

. 

The number of electrons that are emitted from the 

cathode per unit time is I/e. Then the boundary con-

dition Ed. (5) at the point x=L will have the formu-

la: 

 

 

The first term describes the cooling of 

CNTs by radiation from the end surface
[29,30]

, the 

second term due to the Nottingham effect
[30]

. In ad-

dition, the temperature dependence of the resistance 

of CNTs has the formula 
[30,31]

: 
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Where: 0 is the resistivity of CNTs. The heat con-

duction Ed. (4) takes the form with allowance for 

Ed (6), (7): 
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                                       (8)  

The system that is given by Ed. (8) is 

solved by a numerical method to determine the 

temperature of the end of a nanotube that emits 

electrons. The values of the parameters were as-

sumed to be equal to: =8.510
-4 

K
-1[31]

; β=9.810
-6

 

K
-3/2[31]

; 0=2.3310
-3
m

[31]
; L=2.36 µm; r=20 nm; 

r0=15 nm; T0=300 K; I=10 uA; =1190 K; k0=140 

W/(mK). At the selected values of k0 and  in the 

temperature range 200-1000 K, the thermal conduc-

tivity coefficient k lies in the range 55÷830 

W/(mK). This corresponds to the literature data 

according to which k can vary from 25 to 3000 

W/(mK)
[25]

. The results of the calculations are 

shown in Figure 5, curve 1 (curve 2 — calculation 

without taking into account the Nottingham effect). 

 

Figure 5. Temperature distribution along the axis of the carbon 

nanotube: 1 — taking into account (1) the Nottingham effect; 2 

— without taking into account the Nottingham effect. The val-

ues of the coefficients are indicated in the text. 

 

Figure 6. The temperature of the emitting end of CNTs on the 

value of the flowing emission current, taking into account the 

Nottingham effect. 1 — k=k0 (/T); 2 — k=const. The values 

of the coefficients are shown in the text. 

Figure 6 shows the temperature dependence of 

the emitting end of the CNTs (TL) as a function of 

the flowing emission current, taking into account 

the Nottingham effect (for comparison, the curve 

for k=const is also given there). The calculation is 

 
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made for the values of the coefficients, which are 

given in the text before that. The temperature of the 

emitting end of the CNT in the case k=k0 (/T) 

turned out to be higher than in the case k=const in 

the whole considered range of emission currents. 

The nanotube length varied from 0.5 to 4 μm 

when calculating the temperature. The temperature 

of the cold end of the nanotube contacted to the 

substrate was assumed to be T0 = 300 K. 

Equation (4) was solved for different values of 

the current I, and thus a dependence                

was obtained, where TL is the temperature of the 

emitting end, as is shown in Figure 7. 

 

Figure 7. Dependence of the superheating temperature of the 

emitting end of a CNT on the flowing current for CNTs of dif-

ferent lengths: 1 — 0.5 μm; 2 — 1.0 μm; 3 — 1.5 μm; 4 — 2.0 

μm; 5 — 3.0 μm; 6 — 4.0 μm. 

In this figure, the exact solution of Ed. (4) is 

compared with the approximate analytical solution 

obtained under the condition that there are no radia-

tive cooling, no Nottingham effect, the thermal 

conductivity coefficient and the resistance of CNTs 

are constant
[21]

: 

L
kS

RI
TTL

2

2

0 
                         (9) 

The results of the calculations in Figure 7 

show that the simplified solution gives an overesti-

mate value of the superheat temperature of the 

emitting end of the nanotube for all values of its 

length. A simplified solution approximates the exact 

solution with increasing current strength. We as-

sume that the temperature dependence of the ther-

mal conductivity Ed. (6) is compensated by addi-

tional cooling due to the Nottingham effect. The 

temperature of the cathode overheating increases in 

proportion to the square of the emission current. 

The current strength of the 1 uA is a critical value in 

our case, exceeding which results in the appearance 

of thermionic emission currents and the appearance 

of unstable volt-ampere characteristics. 

4. Results and discussion 

The emission current is composed of the field 

and thermionic components according the electrical 

circuit of the current flow is shown in Figure 2. 

This current is represented by curve 3 in Figure 3. 

Field emission current is represented by curve 2. It 

is obvious that at the maximum values of the volt-

age (Uc) at which the negative resistance region 

starts, the currents of field-electron and thermionic 

emission are approximately equal. Further current 

growth is due to the thermionic component, and the 

field current decreases, while changing along curve 

2. 

Thus, the region of negative resistance of the 

voltage-current characteristic (Figure 3) is due to 

the fact that the current of thermionic emission 

predominates over the field emission current. The 

end of the nanotube is already overheated to such 

an extent that it can be destroyed. The voltage (Uc) 

and current (Ic) at which the negative resistance re-

gion starts can be considered as critical. As soon as 

the total current exceeds this value, the emis-

sion becomes unstable and the degradation pro-

cesses begin. 

It is important to estimate the conditions under 

which degradation of emission currents is possible. 

There is a conditional current limit, the excess of 

which causes a rapid overheating of the nanotube 

end and the degradation of the emission. At 

the boundary, the total current is equal to the sum of 

the currents of the field electron emission and the 

thermionic emission, I = ITE+IFE . 

Subsequently thermionic current predominates. 

Therefore, as a condition for changing the emission 

mechanism, one can choose the equality of currents 

)(0 IfTTL 
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ITE = IFE or ITE (T) = I/2. This condition allows us to 

estimate the geometric dimensions of the carbon 

nanotubes of the cathode at a fixed value of the 

flowing current at which their heating begins. 

The temperature of CNT end warming up is 

determined by the current of thermionic emission 

(ITE) and the geometric dimensions of the nanotube, 

which ultimately determine the magnitude of its 

electrical resistance Ed. (9). For rough estimation of 

the overheating temperature, it is enough to restrict 

ourselves to Ed. (9). The resistance of a nanotube is 

estimated by the formula: 

S

L
R 

,    0

0
0

L

S
R

                   (10) 

where: — CNT                cross-section 

area. The values of these parameters were calculat-

ed from the experiments R0 = 10 М; S0 = 5.510
2
 

nm
2
; L0 = 2.36 μm;  = 2.3310

-3
 ·m. The expres-

sion for the thermionic emission current is: 
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(11)  

where:             is the area of CNT emitting 

surface (hemisphere surface area);         is ef-

fective mass of electron in CNT; kB is Boltzmann 

constant; T is absolute temperature; 0 is electrical 

constant. 

The conditional boundary of the transfor-

mation of a stable process to an unstable process is 

calculated from formulas (10) and (11). If we ne-

glect the decrease in the height of the barrier in the 

formula (11) by the electric field, then the condition 

ITE (T)=I/2 will be written in the formula: 
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Substituting Ed. (9) into Ed. (12), we obtain: 
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                                      (13) 

For the case with given CNT radius r, formula 

(13) allows us to calculate the cross-sectional area S 

and the length L, which correspond to the beginning 

of the appearance of the thermionic emission cur-

rent (ITE) for a given value of the total current I, as 

is shown in Figure 8.  

 

Figure 8. Dependencies for current values I: 1 — 2 μA; 2 — 3 

μA; 3 — 4 μA; 4 — 5 μA; 5 — 6 μA; 6 — 7 μA. 

This figure represents several regions in the 

space of length — CNT area. This space is divided 

into regions by the curves, which are calculated for 

certain currents. These curves represent the bound-

ary behind which the regime of thermionic emission 

and degradation of CNTs occurs. For each curve, 

the following statement is true: if the length of the 

nanotube is larger and the area is smaller, then we 

cross the boundary and fall into the degradation 

region. 

With inverse relations between the parameters, 

namely, the length is less than the boundary one, 

and the area is larger, and then we fall into the re-

gion of stability of the emission. 

5. Summary and conclusions 

The analysis of emission processes with a sin-

gle nanotube showed that when the current density 

increases, the end that emits electrons is heated. In 

this case, along with the field emission current, a 

thermionic emission current appears. The growth of 

the total current causes overheating of the end of 

the nanotube. This current is almost completely as-

sociated with the phenomenon of thermionic emis-

sion. At the same time, the emission process be-
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comes unstable. So the temperature of overheating 

can exceed 1000°С, and then the nanotube begins 

to break down. 

To analyze these processes, within the frame-

work of this work, an algorithm has been developed 

that relies on numerical calculations of the field 

emission current and the overheat temperature. It is 

shown that when there is overheating, a negative 

resistance region occurs. At this moment, the ther-

mionic current begins to predominate. The correla-

tion between the current density, length and cross- 

sectional area of the nanotube was calculated, whi- 

ch allows estimating the regions in which cathode 

degradation can progress and the emission becomes 

unstable. 
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