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ABSTRACT 

This paper subject focuses on modelling of electrochemical processes during a deposition of nanostructured 
materials on a metallic substrate. Fundamentals of electrocrystallization processes and parameters influenced the final 
quality of the resulting products are considered. To quantify the evolution of the electrochemical reactor processes with 
respect to time, an equivalent electric circuit has been established. Two types of periodic supplying currents were taken 
into consideration: bipolar pulse current and sinusoidal rectified current. Results of performed computer simulations of 
electrocrystallization processes with the focus on mixed mode oscillations (MMOs) as the dynamical switches between 
small amplitude oscillations (SAOs) and large amplitude oscillations (LAOs) are presented. The established circuit 
model can lead to methods for fast treating large quantities of electrocrystallizator data and extracting from them kinetic 
parameters importantly influenced the structure of the produced materials.  
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1. Introduction 
During the last twenty years, electrochemical processes have 

become the basis for techniques comprehensively, being relevant for 
the production of nanostructured materials or nanostructured surface 
layers, which are widely applied in many industries that use the top 
technologies. This has a bearing mainly to such industries as the ae-
rospace, automotive, military, microelectronics, computers, energy, 
biotechnology and related others. Presently, challenges in relations to 
electrochemical processes used in the practice are becoming more and 
more expressive in terms of better adapting them to the special tech-
nological requirements with meeting the directives for reducing nega-
tive impact on the surrounding environment. It should be emphasized 
that electrochemical methods are receiving recently increasing atten-
tion in rapidly growing fields of science and technology, mainly in 
such domains as nanosciences (nanoelectrochemistry) and life sciences 
(organic and biological electrochemistry). Electrochemical processes 
not only represent interesting cases of phase formation and crystal 
growth, but are also powerful methods for various technological appli-
cations, because the driving force of the process can be easily control-
led by the current density, the electrodes potential and composition of 
the bath solution. Characterization, modification, and understanding of 
various electrochemical interfaces or electrochemical processes at the 
nanoscale have led to a huge increase of scientific interest in electro-
chemical mechanisms as well as in application of electrochemical me-
thods to novel technologies. It is worth pointing out that nowadays 
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nanomaterials are extensively used as important 
development factor in the fields of porous 
semiconductor, deposition into templates, electro-
deposition of multilayers and superlattices, as well 
as self-organized growth of transition metal oxide 
nanotubes and to modify sensor surfaces, giving 
improved analytical characteristics[1]. The electro-
crystallization method is exceptionally suitable for 
preparations of specific materials, mainly the 
protective layers, and in the near future, may be 
more effective than previously involved methods in 
surface modification technologies of known ma-
terials, as well as newly produced materials. These 
layers can be used together with their substrates or 
as separated from them. 

It is well-known that an efficient way to 
produce nanocrystalline materials is the application 
of an electrochemical method based on electrocry-
stallization processes generated as a result of oxi-
dation and reduction reactions which occur at the 
electrodes: anode and cathode, respectively, in 
accord to the relations: 

                                                                                                                                           

 
 

Oxidation-reduction reactions also known as 
redox reactions that describe all chemical processes 
in which there is a net change in atomic charge. In 
balanced redox reactions, the number of electrons 
lost by the reducing agent equals the number of 
electrons gained by the oxidizing agent. Electrocry-
stallizations are normally associated with a growth 
process where the nuclei formed on the electrode 
surface are highly dependent on the supplied 
current. 

Taking into account the specificity of 
electrochemically produced materials, it is possible 
the formation of such structures of materials and 
their properties cannot be obtained by other tech-
nologies. The possibility of conscious control of the 
structures in the nanometric scale leads up to 
producing the useful materials with new properties 
and overcome previously insurmountable barriers to 
the development of technology. Nanomaterials 
possess at least one dimension sized from 1 to 100 
nm[4,6] and not only unique geometric, mechanical, 

electronic and chemical properties, but also 
properties different from macroscopic materials, 
such as quantum effect, surface effect, small size 
effect, etc. These properties have greatly prompted 
a broad range of applications of nanomaterials in 
medicine, electronics, biotechnologies, environ-
mental science, energy production and biosensors. 
The nanostructures of the electrochemically pro-
duced materials can lead to novel properties, and 
hence to novel applications of conventional ma-
terials as well as new commercial applications, 
among other things, the graphene[7]. Because of 
such products as, for instance, sunscreens, 
cosmetics, clothing, upholstery, paint, bodywork of 
vehicles, computer components use nanotech-
nologies, it is not strange at present as well as in 
near future that the nanotechnology will infiltrate 
consumer products holistically. For these, among 
other reasons, the progress in science and engi-
neering at the nanoscale appears now as a critical 
factor for society’s security, prosperity of the 
economy, and enhancement of the quality of life. 
However, this advantage carries a price: electroche-
mical interfaces are more complex, because they 
include the solvent and ions. This poses a great pro-
blem for the modelling of these interfaces, since it 
is generally impossible to treat all active particles at 
an equivalent level[2]. 

In surface engineering, the electrocrystal-
lization method is used to improve the useful 
properties of the metal products by deposition of 
appropriate metal layers on their surfaces protecting 
them against corrosion and wear. Moreover, ap-
propriate realizations of electrodepositions give 
beneficial possibilities to isolate the product from 
the harmful effects of the external environment. 

Generally, the manufacturing of nanostructures 
is too complicated for proper theory, so this has 
been the domain of computer simulations. It is 
worth underline that in the simulations of electro-
chemical nanostructures, we have to deal with a few 
hundreds of thousands or even of millions of atoms. 
This leads into the mathematics of their governing 
nonlinear differential equations, e.g., simple stabi-
lity with the dynamic structure necessary for a sy-
stem to exhibit nonmonotonic behavior. 

This paper aims at mapping new frontiers in 
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emerging and developing electrochemical areas in 
the domain of nanomaterials manufacturing and 
innovation. Section 2 is devoted to presentation of 
fundamentals of electrocrystallization processes and 
parameters, influenced the final quality of resulting 
products. In Section 3, essential problems con-
cerning the electrocrystallization process modelling 
with taking into account all major processes accom-
panied of nanostructured products are presented. 
Section 4 is aimed on presentations of results of 
performed computer simulations of electrocrysta-
lization processes with the focus on mixed mode 
oscillations. Conclusions and final remarks are pre-
sented in Section 5. 

2. Concise characterization of 
electrocrystallization processes 

A simplified scheme of appliances being 
widely applied as electrochemical reactors and 
automated wafer processing equipment is presented 

in Figure 1. Electrodes charged by supplying 
generator are able to carry out chemical reactions 
for realizations of electrocrystallization processes. 
Technological importance of electrocrystallization 
also known as electroplating is of great interests 
and is widely used for production of different 
functional and decorative coatings. Each appli-
cation-specific type of electrodeposition processing 
systems with their own specific requirements has 
been produced up-to-date. The advantage of 
electrodeposition lies in: (i) the low temperatures 
involved; (ii) the ability to coat geometrically 
complex or non-line-of-sight surfaces of porous 
products; (iii) the ability to effective control the 
thickness, composition, and microstructure of the 
deposit; (iv) the possible improvement of the 
substrate/coating bond strength; (v) the possibility 
of producing nanocomposites and nanostructured 
multilayer materials, and (vi) the easy availability 
and low cost of equipment.  

 
Figure 1. Stand diagram with an electrocrystallization reactor. 

Depending on conditions of the process 
realization, it is possible to produce thin layer 
materials with particular properties that influence 
importantly not only on research and modern 
fabrication intensifications, but also on numerous 
domains of the top microelectronics and bio-
materials technologies. A variety of materials 
meeting the features in the art can be designed by 
choosing the type and composition of the 
electrolyte solution, and the process parameters, 
such as type and density of the current, temperature, 
and time duration of the process. One of the 
methods of modifying the useful properties of the 

products is the deposition on their surface of 
appropriate metal layer by electrodeposition method. 
The properties of electrodeposited layers can be 
formed by suitable selection of the electrolyte 
solution composition and by current parameters 
control.  

Figure 2 shows current waveforms which are 
most often used in practice to supply the reactor. 
The electrodeposition with pulse periodic current is 
able to produce layers with more uniform particle 
distribution and better surface morphology than 
those obtained applying the direct current. This is 
common activity on rough parts or when a bright 
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finish is required. In certain processes, the manage-
ment of electrolyte chemical concentrations is cri-
tical to ensure consistent results. 

In order to optimize the operation of the 
electrocrystallization reactor in a specific appli-
cation, it is important to understand its strengths 
and limitations because the same reactor does not 
work equally well for all depositions of nano-
structured materials. Matching of periods of the 
supplying current is the best approach. All major 
process studies concentrate currently around the 
PPSRC electrodeposition technology and the ge-
neral metal finishing products. 

By electrocrystallization method, a variety of 
metals, metal alloys, and composite materials can 

be prepared, especially, great potential resides in 
shaping the properties of composite materials. 
Composite materials prepared by this method, can 
be formed with a metal matrix and a disperse phase 
may be constituted by different materials such as, 
other metal (W, Cu, Ni), ceramics (Al2O3, Cr2O3, 
Si3N4), polymer (PFE), or carbon (graphite, nano-
tubes, fullerenes, graphene). The combination of 
two different materials that are disperse phase and 
matrix metal allows the control of produced ma-
terial properties in a fairly wide range, which en-
ables the formation of a final material, satisfying 
efficiently various functions in practice. 

 
Figure 2. The time varying currents supplied to the electrocrystallization reactor. 

The enormous potential for use in the 
development of new properties of the material lies 
in the possibility of conscious control of its 
structure at the nanometric scale. Presently, it is 
well-known that material properties, both mechani-
cal, electrical, thermal and chemical are the results 
of the phenomena occurring in structures of nano-
metric size. Nanometric structure materials have 
particularly advantageous properties, and are an 
effective alternative to conventional materials. 

To obtain a nanocrystalline structure, the de-
position processes were carried out from a variety 
of electrolyte solutions. For instance, in the electro-
deposition of nickel on a steel substrate, the electro-
lyte solution is usually composed of nickel(II) sul-
phate(VI), nickel chloride, boric acid and saccharin. 

Prior to the deposition process of a surface layer, 
the substrate material is subjected to mechanical 
grinding, degreasing and activated to provide a 
good adhesion of the layer to the substrate. The 
process of electrocrystallization gives also possibi-
lities to produce composite layers with nanocrystal-
line nickel matrix and dispersed phase in the form 
of graphene flakes[11].  

Realization’s efficiency of simultaneous depo-
sition of metal and non-metallic disperse phase in 
the same process and the electrochemical reduction 
of the quality of the material will depend on such 
factors as: the nature and composition of the 
electrolyte solution, the process parameters (con-
centration, pH, temperature, stirring, current con-
ditions), and the chemical nature of the grain 
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structure built in non-metallic disperse phase, 
chemical nature and content of various additives, as 
well as the quality of the substrate material and the 
quality of its surface. The low processing tem-
peratures minimize crystallites interdiffusion, while 
the high selectivity of electrocrystallization process 
allows uniform modification of surfaces and 
structures with complicated profiles. All of these 
factors must be taken into account when designing 
a composite material, to be able properly (i.e., as 
expected) working under determined conditions. 
Such a large number of parameters, which affect the 
control of the electrocrystallization process and 
affect the quality of the manufactured material, 
provide, on the one hand, great flexibility in 
modifying the ability of the constitutive material, 
but on the other hand, provide a great challenge for 
appropriate and optimal selection. This requires a 
thorough diagnosis of the mechanisms of these 
complex processes, as well as their practical 
implementation of parameters. So, the set of the 
parameters of the implementation of such processes 
in the production environment and the relationships 
between these parameters and the structure and 
properties of the produced nanocrystalline material 
requires complex experimental research and in-
depth analysis.  

Taking into account potential applications of 
nano-crystalline materials, the pursuit of deposition 
uniformity, especially thickness uniformity, has 
been a technical imperative for suitable controlling 
every produced nanocrystalline material. 

 The most frequently studied electrocrystal-
lization process is cathodic metal deposition on 
foreign and native substrates from electrolytes 
containing simple and/or complex metal ions[3,12]. 
Typical examples are the electrocrystallization of 
Ag from Ag+ containing electrolytes[17], the cath-
odic deposition of Ag on n-Si from electrolytes 
containing [Ag(CN)2]- ions[3], and the electro-
deposition of Cu[4], which has recently becoming of 
significant technological importance for the fa-
brication of Cu interconnects on integrated circuit 
chips. 

A process widely used for preparation of 
metallic alloys and semiconducting compounds is 
cathodic codeposition from multicomponent elec-

trolytes[9]. Typical examples are the electrochemical 
formation of NiFe alloys by codeposition from 
Ni2+- and Fe2+- containing electrolytes and the 
electrodeposition of n-type CdTe from electrolytes 
containing Cd2+ and HTeO2+ ions. Other important 
electrocrystallization processes are anodic deposi-
tion of metal oxides and anodic oxidation of metals 
and semiconductors. The first type of processes can 
be illustrated by the anodic deposition of PbO2 from 
an aqueous Pb2+ solution. The second type are 
substrate consuming processes, which occur in 
aqueous solution and usually start with adsorption 
of OH- ions and place exchange reactions with the 
substrate. Technologically important examples are 
the anodic oxidation of valve metals (Al, Nb, Ta, Ti) 
and Si[2,9,10,17]. 

This is much related to the principles of the so-
called “green chemistry”, where the use of low 
temperatures and mild conditions is specifically 
pursued in the synthesis of advanced materials. 

Besides, the aforementioned ecological and 
economic benefits, the low-temperature processing 
has also opened the door to the incorporation of an 
increasing number of materials in technologically 
disruptive areas like flexible electronics and pho-
tovoltaic batteries[5]. 

Thin films of metal oxides are at the forefront 
of current and next-generation devices, where 
systems supported on low-cost, lightweight, and 
flexible substrates are expected to revolutionize the 
electronic industry by new applications, such as 
large-area displays, invulnerable sensors, smart 
textiles or electronic skin. Nowadays, the direct 
growth of metal oxide layers on low-melting-point 
flexible substrates (e.g. plastic, paper, or textile) is 
only possible at processing temperatures below the 
thermal degradation of the latter: around 350 oC in 
the most favourable case (i.e. polyimide foils). This 
constitutes a big challenge for the effective inte-
gration of multifunctional metal oxides since their 
crystallization temperatures (usually over 600 oC) 
are still several hundred degrees above the values 
that polymeric substrates can withstand. The strong 
electronic correlations imposed by the crystal lattice 
usually rule the behaviour of complex transition 
metal oxides. If crystallization is not achieved, most 
metal oxides lack of the physical property that
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ultimately defines the functionality of the material. 
The processes leading to crystallization are in many 
ways governed by chemistry. 

The demand ever increasing for low-cost and 
energy efficient manufacturing processes, together 
with the pressing need for new materials and 
devices in emerging technologies, are driving recent 
research efforts towards the near-room-temperature 
processing of metal oxide thin films using 
electrochemical methods. 

3. The mathematical modelling of 
electrochemical reactors 

To provide a foundation upon which we can 
derive an understanding of the matrix of 
mechanisms that affect the electrochemical depo-
sition process and its variation a great help can be 
obtained by applying an effective tool of studies in 
the form of mathematical modelling. The modelling 
of the nucleation and material growth mechanism 
during the electrocrystallization process is extre-
mely important due to its use in effective pro-
duction of thin layers of pure metal or in the form 
of alloys and nanostructured composites with a high 
degree of precision. During the thin layer metal 
electrodeposition, the complex reactions of charge 
transfer with intermediate adsorption takes place at 
least in two elementary steps: reagent adsorption is 
the first and product desorption is the second. It has 
been observed especially in the case of multicom-
ponent electrolytes that beside the electron dif-
fusion and counter ion transport very often, hydro-
gen ions also participate in the charge transport and 
charge transfer processes in the course of redox 
transformation of these electrolytes, i.e. a model 
describing this case may be also essential. In 
general, models should allow us the activity to try 
and isolate the contribution of a few key parameters 
from the batch process in an attempt to predict the 
dominant effects as well as the variation of the 
process. Experimentation, particularly at the expen-
sive pilot plant stage, can be minimized and deve-
lopment costs significantly reduced. Development 
of a reaction model is an essential first step to 
obtaining a reactor model, which in turn is a sui-
table tool for process optimizations. It has to be 

noted that the electrochemical deposition process 
appears as a competition between nucleation and 
grain growth of the produced materials. In charging 
and discharging of a pulse ion flux, especially for 
short pulses, the double layer of the interface 
between electrolyte and cathode distorts the pulse 
current[10], and affects the over potential response 
acting on the electrolyte.  

To better control the coupled effects of pulsed 
current between the electrodes with its own 
magnetic field and improve electrochemical de-
positing performance, the combined effects must be 
studied. The electrochemical impedance spectro- 
scopy experimental results show that both the 
reactor current frequency and magnetic flux density 
are significant factors in the performance of electro-
chemical reactors. The Lorentz force acting on the 
electrolyte in the double layer at the electrode 
increases with higher current densities improving 
electrolyte flow and conductivity, which enhances 
electrochemical deposition performance in terms of 
accuracy and surface finish. 

Usually, the energy distribution of the charged 
particle flow is limited in a small region near the 
working electrode and is constrained by its own 
magnetic field. It should be emphasized that there 
are several mechanisms by which self-magnetic 
fields can be generated in the double layer right at 
the working electrode space in various regimes of 
the reactor excitation, including the density gradient 
term, the curl of the thermal force, the ponder-
omotive force, the inverse Faraday effect, and insta-
bilities[5]. 

The azimuth magnetic field associated with the 
axial flow of a large current through a cylindrical 
symmetric electrolyte creates a magnetic pressure 
(J×B or Lorentz force) that accelerates radially 
inward of the charged particle flow (Figure 3). 
When the supplying current is time varying, the 
charged particles are attracted to each other under 
the influence of the Lorentz force, which causes 
shrinkage of the charged particle flux, i.e., the pinch 
effect appears. The effect leads to increase the ion 
density and pressure. A current flowing through the 
electrolyte squeezes smaller cylinder, until the 
magnetic force does not balance the pressure. The 
detailed physics of this process is still largely open 
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to debate and speculations because little quanti-
tative data have been accumulated on the deposit 

ablation process, especially close to the exploding 
baths. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 3. Coupled processes generated by pulsed current between electrodes: G - pulsed current generator, u - charge drift velocity, 
B - magnetic field density, FB - Lorentz force.

The magnetic properties of electrolytes and the 
interactions of internally induced magnetic fields on 
electrolyte properties and ionic transport characteri-
stics have significant influence on the form of the 
mathematical model of the processes occurring in 
the electrochemical reactor. 

A well-founded model of electrochemical pro-
cesses occurring in the reactor should be based on 
the questions of change for mass, energy and mo-
mentum. The instantaneous state of an electroche-
mical reactor usually depends on several variables 
and is described by one or several state functions of 
one or several variables. For instance, considering 
the electrode variables, we must take into account 
the kind of the material, surface area, geometry and 
surface conditions. Such factors as mode transfer 
(diffusion, convection, migration, etc), surface con-
centrations and adsorptions have influences on the 
mass transfer variables. The temperature, pressure 
and time appear as external variables. Moreover, 
there are electrical variables such as the charge, 
current and potential. As solution variables, we 
have the bulk concentrations of electroactive spe-
cies, concentrations of other species and the kind of 
the solvent. It can be easily verified that the aspect 

of current distribution can have a major effect on 
the performance of electrochemical processes. 

The electrodeposition process can be described 
by a mathematical model derived from the Maxwell 
equations and mass balance equations as follows. 
From the charge conservation principle, the 
equation for charge continuity takes the form: 
∇𝑱𝑱𝑐𝑐 = −𝜕𝜕𝜌𝜌𝑞𝑞

𝜕𝜕𝜕𝜕
                                                                  (2) 

Where, Jc and ρq denote the current density 
vector and charge volume density, respectively. 

The general electric field intensity E is 
governed by the Maxwell-Faraday equation: 
𝑬𝑬 = −𝛻𝛻𝛻𝛻 − 𝜕𝜕𝑨𝑨

𝜕𝜕𝜕𝜕
                                                             (3) 

Where, V is the scalar electric potential, and A 
is the magnetic vector potential. The magnetic 
vector potential A is defined, so that the magnetic 
field density B is given by: 
𝑩𝑩 = 𝛻𝛻 × 𝑨𝑨                                                                    (4) 

In the presence of a current distribution as a 
source for the magnetic field, the magnetic field 
density can be found from the Biot-Savart law: 
𝑩𝑩 = 𝜇𝜇

4𝜋𝜋 ∫
𝑱𝑱𝑐𝑐(𝑝𝑝)×(𝑟𝑟−𝑝𝑝)

|𝑟𝑟−𝑝𝑝|2 𝑑𝑑𝑑𝑑                                              (5) 

Where, the integral extends over all space v.  
Generally, the Biot-Savart law is difficult to apply. 
It is often easier to first calculate the magnetic 

+ + + + 
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vector potential for which we need to derive a 
differential equation. Taking into considerations 
time dependent sources, i.e., charge and current 
distributions that vary in time we can somewhat 
artificially divide electric current into two com-
ponents: “external” current that generates electro-
magnetic field and “induced” current caused by 
electromagnetic field. 

Substituting (3) and (4) into Maxwell’s 
equations yields: 
𝛻𝛻2𝑨𝑨 − 𝜇𝜇𝜇𝜇 𝜕𝜕

2𝑨𝑨
𝜕𝜕𝜕𝜕2

= −𝜇𝜇𝜇𝜇𝑱𝑱𝑐𝑐                                              (6) 
This is the wave equation for the vector 

potential A.  
Following a similar procedure and starting by 

taking into account the curl of the magnetic field 
strength H, we obtain the wave equation for the 
magnetic field, namely: 
𝛻𝛻2𝑯𝑯 − 𝜇𝜇𝜇𝜇 𝜕𝜕

2𝑯𝑯
𝜕𝜕𝜕𝜕2

= −𝛻𝛻 × 𝑱𝑱𝑐𝑐                                          (7) 
For the electric field, we find that the wave 

equation in the presence of source takes the form: 
𝛻𝛻2𝑬𝑬 − 𝜇𝜇𝜇𝜇 𝜕𝜕

2𝑬𝑬
𝜕𝜕𝜕𝜕2

= 𝜇𝜇 ∂J𝑐𝑐
𝜕𝜕𝜕𝜕

+ 𝛻𝛻(𝜌𝜌𝑞𝑞 𝜇𝜇)⁄                              (8) 
It is easily seen that the wave equation for the 

magnetic field has only a source term dependent on 
the electric current Jc, whereas the wave equation 
for the electric field includes a source term for the 
electric charge ρq. This is a consequence that there 
are no magnetic monopoles. 

According to the Lorentz force, the induced 
current Jin from the electrolyte velocity u and the 
magnetic field B is determined by: 
J𝑖𝑖𝑖𝑖 = 𝜎𝜎𝒖𝒖 × 𝑩𝑩                                                               (9) 

Where, σ denotes the electrolyte conductivity. 
The total current density is then: 

J = J𝒄𝒄 + J𝒊𝒊𝒊𝒊                                                                  (10) 
The continuous form of the Lorentz force is[19]: 

F = ρ𝒒𝒒E + J ×B                                                          (11) 
Where, ρq is the charge density, J is the total 

current density, and B is the magnetic field density.  
The Lorentz force per unit volume F can be 

applied as an external force in the Navier-Stokes 
equations. Thus, the second step in solving this 
electrochemical reactor problem is to determine the 
electrolyte velocity using the Navier-Stokes equa-
tions for laminar incompressible flow: 
ρ𝑓𝑓

𝜕𝜕u
𝜕𝜕𝜕𝜕

+ ρ𝑓𝑓(u∙∇)u = ∇∙[-δI+ϑ(∇u+(∇u)𝑇𝑇)] + 𝑭𝑭 (12) 

Where, ρf is the fluid density, 𝜗𝜗 is the dynamic 
viscosity, δ  is the pressure, and I is the identity 
matrix. Equations (9) and (12) are coupled in u and 
require a simultaneous solution. We assume that the 
flow of charged particles is incompressible, so the 
flow continuity equation simplifies to: 
ρf∇∙u = 0                                                                    (13) 

It is now obvious that the solution for the ions 
velocity u and pressure δ can be evaluated under 
various conditions. 

An interesting point related to the presented 
studies is that the problems of the nature of charge 
carriers, the coupling of their motion, and the 
contribution of migration to the ions flux, respect-
tively, could be analyzed in detail. Owing to the po-
tential dependence of nucleation, growth, and rou-
ghness evolution processes, thus the deposit mor-
phology can vary with radial position and can 
adversely affect product quality. It is worth noticing 
that the exact solution of the above set of equations 
for real multi-component electrolytes is rather com-
plicated. 

Therefore, by imposing appropriate restrictions 
which are satisfied under corresponding electro-
plating conditions, it is possible elaborate models 
which lead to satisfied results when matching them 
with experimental data. Such models have a two-
fold purpose: first, they can account all the facts 
discovered experimentally, and second, they can be 
able to predict the system behaviour under various 
conditions. Starting from this general imperative, 
the elaboration of a model for the interface pheno-
mena can be performed by making a certain number 
of hypotheses which generally simplify the gover-
ning equations (2) and (13).  

4. Computer simulations of mixed 
mode oscillations 

At present, the derivation of a model from the 
basic equation is an error prone and time-
consuming task normally requiring specific 
expertise. Fortunately, at the same time, computer 
simulation techniques are gaining more importance 
in the industry practice. This leads to an increasing 
gap between supply and demand of well-defined, 
consistent models. A relatively simple model (if it 
is appropriate) enables us to select the variables that 



 

26 

govern performance. However, due to mathematical 
difficulties in solution of diffusion-migration 
transport equations, different simplifications are 
necessary. Very often, some uncertainty in the 
numerical values of the model constants is not 
usually important and methodology commonly used 
in many engineering practice today gives enough 
support for the researcher in the task of deriving a 
specific model.  

Moreover, when the computational analysis is 
combined with the electrochemical impedance 
spectroscopy, the results may suggest operating 
parameters that differ from either of the assumed 
individual results. While these findings indicate an 
operating regime of higher electrolyte velocities, 
whether that translates into increased depositing 
performance, will require pulse current validation 
corrections. The electrochemical impedance spec-
troscopy is used to determine the impedance of an 
electrochemical reactor at different sinusoidal 
frequencies under given conditions - in this case, a 
range of supplying current magnitudes and fre-
quencies. The response of the reactor to a sinusoidal 
input could give insights relevant to pulse current 
frequency[8]. 

Generally, the manufacturing of nanostructures 
is too complicated for proper theory, so this has 
been the domain of computer simulations. We will 
start by considering simulations of electrochemical 
nanostructure depositions, and will then turn toward 
current-voltage relations to gain insights into the 
charge – electrolyte concentration and coupling 
mechanisms ultimately responsible for different 
pattern of the reactor output quantities and to 
identify the relationship between them. It should be 
emphasized that the circuit modelling not only aids 
semiconductor manufacturers in immediate returns 
on investment like increased yield and decreased 
consumable costs, but models are essential to 
understand the mechanisms that enable of material 
and cause process variation, which affects device 
performance and process efficiency. The equivalent 
circuit model predicts the capacitive and Faradic 
currents of the process, and with the same average 
and peak current density, the ramp up waveform 
has higher instantaneous peak current to charge 

transfer, which results in an improvement in the 
microstructure of the nanocomposite. 

Nonlinear interactions between these quan-
tities may permit the emergence of highly chara-
cteristic oscillatory behaviour known as quasi-
periodicity and mixed mode dynamics, in addition 
to chaos. The investigation of the involved circuit 
gives information also on the structure of relation-
ships expected in special cases. To quantify the 
evolution of the electrochemical reactor processes 
with respect to time, the equivalent circuit was used. 
It is depicted in Figure 4. 

 
Figure 4. Circuit model of electrochemical deposition pro-
cesses. 

Applying circuit laws, we can establish the 
mathematical description of the above model and 
obtain: 
�̇�𝑥1 = 𝑘𝑘1 �

𝑥𝑥2+𝑥𝑥3−𝑥𝑥1
𝑅𝑅𝑒𝑒

+ 𝑖𝑖𝑠𝑠�,                            

�̇�𝑥2 = 𝑘𝑘2 �−
𝑥𝑥2+𝑥𝑥3−𝑥𝑥1

𝑅𝑅𝑒𝑒
− (𝑎𝑎 + 3𝑏𝑏𝑥𝑥42)𝑥𝑥2� ,

�̇�𝑥3 = 𝑘𝑘3 �−
𝑥𝑥2+𝑥𝑥3−𝑥𝑥1

𝑅𝑅𝑒𝑒
− 𝑥𝑥3

𝑅𝑅𝑝𝑝
�,                       

�̇�𝑥4 = 𝑥𝑥2.                                                         

             (14) 

Where, k1 = 1/Cs, k2 = 1/Cd, k3 = 1/Cp and x4 = 
ϕ. The dot is taken as a symbol for differentiation 
with respect to time. 

Due to the complex form of the established 
system of equations, the determination of their 
analytical solution is not an easy task and therefore, 
to examine the effect of various system parameters 
on the electrocrystallization process, we can per-
form numerical calculations applying a computer 
program MATLAB with using effective numerical 
integration procedures. 

We will start by considering the following 
quantities: is = I = 15 A for 0 < t < T/2 and is = -I = -
15 A for T/2 < t < T with is(t) = is(t + T), Re = 0.5 
Ω, Rp = 5 kΩ, Cs = 0.01 F, Cd = 0.278 F, Cp = 0.05 F. 
The charge - magnetic characteristic of the 
memristive element representing the relation be-



 

27  

tween the current and its own magnetic field takes 
the form: q(ϕ) = aϕ+ bϕ3, where a and b denote 
constant parameters.  

Applying the mentioned numerical procedure 
implemented in MATLAB, we get the solutions 
shown in Figure 5 and Figure 6 for different time 
varying is. We solved (14) with the variable step 
ODE45 procedure from MATLAB with RelEr = 
AbsEr = 10−6 and 0 ≤ t ≤ 20s and zero initial 
conditions. The steady-state response of the large 
amplitude oscillations were identified in the interval 
2s ≤ t ≤ 20s. Note also that the type of the supplying 
current is exhibits very different system responses, 
in particular with regard to changes in time of the 
magnetic flux and voltage - current characteristics 
of the reactor. 

 
(a) 

 
(b) 

 
(c) 

 
(d) 

Figure 5. Changes in time of supplying current (a), voltage (b) 
and magnetic flux (c) in the reactor and voltage - current chara-
cteristic (d) of the reactor. 

The important point to note here lies in the fact 
that in the case of supplying the system from a 
straight sinusoidal current rectifier, the current flo-
wing through the reactor takes similar course in 
time to the supplying current and a significantly dif-
ferent nature of the magnetic flux waveform is ex-
hibited and, with the over time, it tends to a con-
stant value. However, in the case of supplying the 
reactor with periodic bipolar current, the current 
flowing through the reactor takes very different 
course from it in time. Moreover, the steady-state 
voltage-current characteristics of the reactor in the-
se two cases of supplying currents take considera-
bly different shapes, which appear as a result from 
the influence of a significant constant in time com-
ponent which is contained in the rectified sinusoidal 
current. Although simple topologically, the system 
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can exhibit complex dynamical responses and its 
dynamical properties can be characterized through 
Farey arithmetic and fractal dimensions of their 
devil’s staircases. Several interesting properties of 
the circuits can be identified through bifurcation 
diagrams, phase plane and time series responses[16]. 

 
(a) 

 
(b) 

 
(c) 

 
(d) 

Figure 6. Varying in time: (a) supplying rectified sinusoidal 
current, (b), (c) current and magnetic flux in the reactor, (d) 
voltage - current characteristic of the reactor.  

From the extensive set of solutions, we will 
focus in what follows our attention on the particular 
type of voltage and current waveforms that can be 
accordingly transformed on the effects of the 
electrochemical processes. It has to be noted that 
the aspect of circuit variables distribution can have 
a major effect on the reactor performance. A 
detailed analysis is outside the scope of this article, 
although it may give a qualitative view of the effect 
due to its significance in design of electrochemical 
reactors for industrial processes.  

In such a case as that above-mentioned, one of 
the important problems is concerned with mixed 
mode oscillations (MMOs), which have not been 
investigated so far in relation to electrochemical 
reactors. No results on memristive electrochemical 
reactors with mixed-mode oscillation responses 
have been published yet. Those interesting periodic 
oscillatory responses have been reported in resistive 
nonlinear circuits (usually having cubic current–
voltage characteristics) and in the tunnel diode and 
Bonhoeffer-van der Pol oscillators, the Hudgkin-
Huxley model of neuron dynamics, Belousov-
Zhabotinskii chemical reaction, Taylor-Couette 
flow, surface oxidation and autocatalytic reactions, 
human heart arrhythmias and in epileptic brain 
neuron activity[17].  
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(a) 

 
(b) 

 
(c) 

 
(d) 

Figure 7. Solutions of (14) for various sets of parameters I and 
b with unchanged other parameters: (a) SAO at I = 0.15 A, a = 
-1.75 and b = 0.15, (b) LAO at I = 15 A, a = -2.75 and b = 0.15, 
(c) LAO at I = 15 A, a = -1.25 and b = 0.15, (d) MMO at I = 
1.5 A, a = -1. 75, b = 0.15 and T = 2.5 s. 

Generally, to MMOs, we refer complex 
patterns that arise in dynamical systems, exhibiting 
oscillations with different amplitudes that are inter-
spersed. These amplitude regimes differ roughly by 
an order of magnitude. By changing appropriate 
variables or parameters of a system, MMOs may 
occur in larger regions as the dynamical switches 
between small amplitude oscillations (SAOs) and 
large amplitude oscillations (LAOs) by changing 
appropriate variables or parameters of a system. As 
the control parameter is varied, MMOs exhibiting 
alternation between SAOs and LAOs can arise. The 
system can be considered as a coupling of two osci-
llators: linear and nonlinear ones. In our analysis, 
we use the letters L and s in Ls to describe the 
number of local maximum values of steady-state 
LAOs and SAOs, respectively, and not the number 
of LAOs and SAOs. It is worth pointing out that the 
MMOs of type Ls are not the only possible 
dynamical characterization of such systems. In fact, 
all parameters (T, I, Re, Rp, Cp, Cs, Cd, a and b) in 
(14) may be considered as bifurcation parameters. 
We will analyze local maximum values of LAOs 
and SAOs and show that, by slowly changing, any 
of the above parameters, we can obtain local maxi-
mum values of the charges, magnetic fluxes, cur-
rents and voltages that can form appropriate sequ-
ences. We emphasize that a numerical technique 
addressing this coupled phenomenon for all ranges 
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of parameters will open the possibilities for value-
added electrochemical processes and producing 
new materials. 

 

 
Figure 8. MMOs: a) 118 for T = 1 s, b) 17 for T = 0.5 s. 

The three basic modes of operation are illu-
strated in Figure 7, which shows the solutions of 
(14) with I 𝜖𝜖 {0.15, 1.5, 15}A, a 𝜖𝜖 {-1.25, -1.75, -
2.75}, b =0.15 and T 𝜖𝜖 {1, 2.5}𝑠𝑠. In the SAOs only 
case, the small amplitude oscillations around the 
origin (0, 0, 0) are due to Hopf bifurcation for a = 0. 
In the LAOs only case, a trajectory passing close to 
the origin bypasses the region of small amplitude 
oscillations. The MMOs case is in some sense a 
combination of the previous two cases. The 
mechanism in which SAOs and LAOs occur is 
quite complex and has been the topics of recent 
papers Brons M et al. and Marszalek W et al. In the 
MMOs case, a series of SAOs around the origin 
(considered canard solutions) undergoes a rapid 
canard explosion yielding an LAO, which, through 
a special return mechanism brings back the system 
into the vicinity of the origin. The canard explosion 
described in detail in reference 13[13] is triggered 
when a trajectory leaves a fold point of a cubic 
nonlinearity, ending a series of SAOs and entering 
the relaxation mode with one or more LAOs. This 
explosion occurs, for example, in Figure 7, bottom 

right part, when two or four SAOs transform into an 
LAO. Depending on the parameters, the system 
may continue with one (or more) LAOs, or may go 
through a new series of SAOs after which trajectory 
leaves again the vicinity of the origin (a fold) and 
the phenomenon repeats. 

Each period of MMOs can be divided into 
intervals of various nature: intervals with a 
sequence of SAOs and intervals of LAOs. One 
period of LAOs can be estimated as TL = T1 + T2 (as 
shown in Figure 8) and one period of SAOs can be 
determined as whole duration interval Ts divided by 
s, indicating the number of local maximum values 
of steady state SAOs. Thus, the total period of one 
MMOs oscillation is T = TL + Ts. The corresponding 
expressions specifying the individual components 
of the period T are presented in reference 14[14] and 
can easily be adapted to the case under examination. 

Taking into account a small amount of 
perturbation in the characteristic q(ϕ), it is possible 
to get MMOs exhibiting in each period a train of 
SAOs  separated by a large amplitude pulse (Figure 
9(a)). Varying pairs of control parameters, one can 
observe how the dynamical behaviour of the system 
changes and map out “dynamical phase diagrams”, 
showing regions of the parameter space in which 
qualitatively different MMOs occurs, or, by varying 
a single parameter, one can trace out hysteresis 
loops of the sort shown in Figure 9(b). This type of 
time-varying electric currents and magnetic fields 
are most probably generated by an electric double 
layer within individual particles and a temporal 
excess of ion carriers within the sample. Perhaps 
the shape and magnitude of the induced temporal 
signals depend on the reaction zone propagation 
mode, reaction mechanism, and reactant properties. 
It is worth noticing that the exact solution of the 
above set of equations for real multi-component 
electrolytes is rather complicated. Therefore, by im-
posing appropriate restrictions, which are satisfied 
under corresponding electroplating conditions, it is 
possible to elaborate models, which lead to satisfied 
results when matching them with experimental data. 
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(a) 

 
(b) 

Figure 9. MMO at I = 1.5A (bipolar pulse), b = 0.5 and T = 2.5: 
(a) reactor current, (b) voltage-current characteristic of the 
reactor. 

5. Conclusions 
Electrocrystallization method gives the ability 

to control internal structure of the deposits, which 
has a great potential for use in the development of 
new material properties. This method is excep-
tionally suitable for preparations of specific ma-
terials, mainly the protective layers, and in the near 
future may be more effective than previously invol-
ved methods in surface modification technologies 
of known materials, as well as newly produced 
materials. These layers can be used together with 
their grounds or separated from them. Taking into 
account the specificity of materials electrollytically 
produced, it is possible the formation of such a 
structure of the material and its properties that 

cannot be obtained by other technologies. The 
possibility of conscious control of the structures in 
the nanometric areas leads up to producing the 
useful materials with new properties and overcomes 
previously insurmountable barriers to the develop-
ment of technology. 

The problem of obtaining smooth, uniform 
layers can be solved by a combination of clever 
electrode design, electrolyte flow control and judi-
cious use of the chemical additives that could lead 
to results desired. Significant improvement of the 
results can be achieved by appropriate modelling of 
processes occurring in the electrocrystallizator and 
taking into account the influence of its own mag-
netic field in the double layer near the working 
electrode. Circuit models can lead to methods for 
fast treating large quantities of electrocrystallizator 
data and extracting from them kinetic parameters 
importantly influenced the structure of the produced 
materials. Particular attention should be paid to the 
problem of the generation of processes with mixed 
mode oscillations, because they can favourably 
affect the quality of the material produced in 
electrochemical processes. This is of great impor-
tance in the case of nanostructured materials, whose 
final structure is very sensitive to rapid changes in 
the conditions of the manufacturing process. A par-
ticularly interesting context is that of current wave-
forms supplying the electrocrystallizator, because 
their influences on mixed mode oscillations seem 
most important for the efficiency of realized pro-
cesses. 
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